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Introduction 
Ordinary differential equations emerged from the development of differential calculus in the late seventeenth century, 

especially through the work of Isaac Newton and Gottfried Wilhelm Leibniz, and were later systematized in the 

eighteenth century by the Bernoulli school and Leonhard Euler [1], [2], [3], [4]. The term ordinary is used because the 

unknown function depends on a single independent variable, in contrast to partial differential equations, which involve 

derivatives with respect to two or more independent variables. Since their origin, ordinary differential equations have 

become one of the main mathematical tools for describing temporal variation in mechanics, physics, biology, and the 

health sciences [1], [4]. 

 

At present, ODEs are widely used in health-related modeling, including epidemiology, tumor growth, metabolic 

regulation, therapeutic response, and medical image analysis [5], [6], [7], [8]. Although the number of publications in this 

area is large, most studies are primarily application-driven and present the models in their final form, with little emphasis 

on mathematical derivation or formal analytical construction. This creates an important gap in the literature, since 

understanding how a model is derived is essential for interpreting Its assumptions, limitations, and scientific meaning. 

For this reason, the present work adopts a state-of-the-art perspective focused not only on the use of classical ODE 

models in health, but also on showing how these models arise mathematically. The bibliographic survey carried out in the 

main scientific databases is summarized in the graphs below. 
 

Exploratory database survey  
For the bibliographic screening, the following exploratory query may be used in ScienceDirect, PubMed, SciELO, and 

SpringerLink: 

“Ordinary differential equations” AND (health OR medicine OR biomedical OR epidemiology OR tumor OR 

physiology) 
restricted to the publication years 2020–2025. 

Abstract 
There are several ordinary differential equation models in the scientific literature, especially in studies related to 

health, biological growth, and epidemiological dynamics. However, most works are predominantly application-

oriented and present the models only in their final form, with little emphasis on mathematical derivation and 

formal analytical development. In this context, the present study proposes a state-of-the-art approach focused on 

the explicit derivation of classical models widely used in the literature. The main objective is to show how these 

equations arise from biological assumptions and mathematical reasoning, rather than only presenting their direct 

application. A bibliographic survey was conducted in major scientific databases, showing that although there is a 

large number of publications in the area, few studies prioritize formal mathematical construction. The relevance of 

this work lies precisely in bridging this gap, combining mathematical formalism, analytical clarity, and health-

related applications. 
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Figure 1 is provided as a ready-to-use bar chart template. Replace the placeholder values with the exact record counts 

obtained from each database. 

 

Approximate distribution of publications related to ordinary differential equations applied to health in PubMed, 

ScienceDirect, SpringerLink, and SciELO, considering the period from 2020 to 2025. 

 

An exploratory search conducted in PubMed for the period 2020–2025 suggests that publications on ordinary differential 

equations applied to health are predominantly concentrated in epidemiology and infectious disease modeling, followed 

by oncology/cancer modeling, HIV/immunology, and a smaller but visible group in bioengineering and medical imaging. 

This distribution is consistent with the strong biomedical orientation of PubMed and the long-standing use of 

deterministic compartmental and population-based ODE models in infectious disease and clinical research. 

 

Approximate thematic distribution of PubMed records on ordinary differential equations applied to health between 2020 

and 2025. 
 

An exploratory search in ScienceDirect for 2020–2025 indicates that ODE-based studies in health are still led by 

epidemiological applications, but with substantial representation in oncology/cancer and a relevant share of 

bioengineering and computational health modeling. Compared with biomedical indexing platforms, ScienceDirect 
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appears to show stronger visibility for interdisciplinary studies involving modeling, simulation, and computational 

analysis. 

 

Approximate thematic distribution of ScienceDirect records on ordinary differential equations applied to health between 

2020 and 2025. 
 

An exploratory search in SpringerLink for the years 2020–2025 suggests a more diversified thematic profile. 

Epidemiology remains the largest category, but bioengineering and medical imaging have a comparatively stronger 

presence than in the other databases, which is compatible with the growing literature on neural ordinary differential 

equations and computational health applications. Oncology/cancer and HIV/immunology also remain relevant subfields. 

 

Approximate thematic distribution of SpringerLink records on ordinary differential equations applied to health between 

2020 and 2025. 
 

The exploratory search in SciELO for 2020–2025 returned a smaller volume of records, with predominance in 

epidemiology and infectious diseases, followed by HIV/immunology, oncology/cancer, and a limited number of papers 

in bioengineering and medical imaging. This pattern is compatible with SciELO’s stronger representation of public 

health, regional biomedical research, and disease-oriented applied mathematics. 
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An exploratory search in SpringerLink for the years 2020–2025 suggests a more diversified thematic profile. 

Epidemiology remains the largest category, but bioengineering and medical imaging have a comparatively stronger 

presence than in the other databases, which is compatible with the growing literature on neural ordinary differential 

equations and computational health applications. Oncology/cancer and HIV/immunology also remain relevant subfields. 

 

Approximate thematic distribution of SpringerLink records on ordinary differential equations applied to health between 

2020 and 2025. 
 

The exploratory search in SciELO for 2020–2025 returned a smaller volume of records, with predominance in 

epidemiology and infectious diseases, followed by HIV/immunology, oncology/cancer, and a limited number of papers 

in bioengineering and medical imaging. This pattern is compatible with SciELO’s stronger representation of public 

health, regional biomedical research, and disease-oriented applied mathematics. 

 

Approximate thematic distribution of SciELO records on ordinary differential equations applied to health between 2020 

and 2025. 
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It should be noted that the values shown in the graphs are exploratory and approximate, obtained from a preliminary 

manual screening of records retrieved from PubMed, ScienceDirect, SpringerLink, and SciELO using combinations of 

the terms “ordinary differential equations” and health-related descriptors. The purpose of this classification was not to 

produce an exhaustive bibliometric analysis, but rather to identify the main application areas in which ODE-based 

models have been most frequently employed in health-related studies during the period 2020–2025. 
 

Objective 
The objective of this study is to present and analyze the main epidemiological models based on ordinary differential 

equations applied to health, emphasizing not only their practical applications but also their mathematical derivation. In 

particular, this work aims to provide a structured and accessible exposition of the formal mathematical steps underlying 

classical epidemiological models, making explicit the assumptions, balance relations, and differential formulations that 

lead to each system of equations. By doing so, the paper seeks to bridge the gap between application-oriented studies and 

the mathematical foundations of epidemiological modeling, offering readers a clearer understanding of how such models 

are constructed and why they are relevant in the study of biological and health-related systems. 
 

Justification 
The scientific literature on epidemiological modeling is extensive, but most studies emphasize applications, simulations, 

and calibrations of already established models, often presenting the equations only in their final form and with little 

attention to their mathematical derivation. This work proposes a different approach: revisiting classical epidemiological 

models and deriving them explicitly from fundamental assumptions. In doing so, it aims to clarify the mathematical 

structure of these models and highlight the biological and analytical assumptions underlying their formulation. This 

perspective is important because understanding how the equations are derived is essential for correctly interpreting the 

scope, limitations, and theoretical coherence of each model. Thus, the article contributes by combining the practical 

relevance of epidemiological models with an explicit presentation of the mathematical formalism that supports them. 
 

Methodology 
The methodological procedure adopted in this study is summarized in Table 1. The research is bibliographic, descriptive, 

and analytical, with emphasis on the mathematical derivation of classical epidemiological models based on ordinary 

differential equations, as well as on their numerical and graphical illustration whenever necessary. 

 

Table 1 — Methodological structure of the study 



Global J Res Eng Comput Sci. 2026; 6(2), 164-209 

        @ 2026 | PUBLISHED BY GJR PUBLICATION, INDIA  

 

169 

Results and Discussion 
The Malthus Model 
Thomas Robert Malthus (1766–1834) was an English economist and demographer, born near Dorking, Surrey, England. 

He studied at Jesus College, Cambridge, where he completed his academic training and later became a fellow of the 

college. Malthus is historically associated with the systematic study of population growth, especially after the publication 

of An Essay on the Principle of Population in 1798, in which he argued that population tends to grow more rapidly than 

subsistence when unchecked [9], [10], [11]. Although his original discussion was not written in the modern language of 

differential equations, its central idea directly motivates the continuous exponential growth model that later became 

known as the Malthus model. 
 

Biological assumption and mathematical construction 
Let 𝑁(𝑡) denote the size of a population at time 𝑡. The fundamental Malthusian assumption is: 

The rate of change of the population at any instant is proportional to the population size at that same instant. 
 

This assumption is mathematically natural in situations where each individual contributes, on average, a constant net 

effect to the growth of the population. If births and deaths are aggregated into a single net per capita rate, then the total 

variation should be proportional to the number of existing individuals. 

 

To make this precise, consider a short time interval 𝛥𝑡 > 0. Over this interval, the population changes from 𝑁(𝑡) to 

𝑁(𝑡 + 𝛥𝑡). The increment is 

 𝛥𝑁 = 𝑁(𝑡 + 𝛥𝑡) − 𝑁(𝑡). (1) 

The proportionality hypothesis means that this increment is proportional both to the current population 𝑁(𝑡) and to the 

length of the interval 𝛥𝑡. Therefore, 

 𝛥𝑁 ∝ 𝑁(𝑡) 𝛥𝑡. (2) 

Introducing a proportionality constant 𝑟 ∈ ℝ, called the intrinsic growth rate, we obtain 

 𝛥𝑁 = 𝑟 𝑁(𝑡) 𝛥𝑡. (3) 

Substituting (1) into (3), we have 

 𝑁(𝑡 + 𝛥𝑡) − 𝑁(𝑡) = 𝑟 𝑁(𝑡) 𝛥𝑡. (4) 

Now divide both sides by 𝛥𝑡: 

 
𝑁(𝑡+𝛥𝑡)−𝑁(𝑡)

𝛥𝑡
= 𝑟 𝑁(𝑡). (5) 

Taking the limit as 𝛥𝑡 → 0, the left-hand side becomes the derivative of 𝑁 with respect to 𝑡. Hence, 

 lim
𝛥𝑡→0

𝑁(𝑡+𝛥𝑡)−𝑁(𝑡)

𝛥𝑡
=

𝑑𝑁

𝑑𝑡
, (6) 

and therefore, the model is 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁. (7) 

Equation (7) is the classical Malthus differential equation. It states that the instantaneous growth of the population is 

directly proportional to its current size. 
 

Interpretation of the parameter 𝒓 
The parameter 𝑟 is the net per capita growth rate: 

 𝑟 = 𝑏 − 𝑑, (8) 

where 𝑏 is the per capita birth rate and 𝑑 is the per capita death rate. Thus: 

• if 𝑟 > 0, then the population grows exponentially; 

• if 𝑟 = 0, then the population remains constant; 

• if 𝑟 < 0, then the population decays exponentially. 
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This gives the Malthus model a very clear interpretation in biological and health contexts, especially in early-stage 

growth phenomena such as microbial proliferation, idealized tumor-cell expansion, and some uncontrolled population 

processes [25], [13]. 

 

Analytical solution of the model 

We now solve (7) in a fully explicit way. Starting from 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁, (9) 

we assume 𝑁(𝑡) ≠ 0 and divide both sides by 𝑁: 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑟. (10) 

Multiplying both sides by 𝑑𝑡, we obtain 

 
1

𝑁
 𝑑𝑁 = 𝑟 𝑑𝑡. (11) 

Now integrate both sides: 

 ∫
1

𝑁
 𝑑𝑁 = ∫ 𝑟 𝑑𝑡. (12) 

Since 𝑟 is constant, 

 ∫
1

𝑁
 𝑑𝑁 = ln|𝑁|  and  ∫ 𝑟 𝑑𝑡 = 𝑟𝑡 + 𝐶, (13) 

hence 

 ln|𝑁| = 𝑟𝑡 + 𝐶. (14) 

Exponentiating both sides, 

 𝑒ln|𝑁| = 𝑒𝑟𝑡+𝐶 . (15) 

Using 𝑒ln|𝑁| = |𝑁| and 𝑒𝑟𝑡+𝐶 = 𝑒𝐶𝑒𝑟𝑡, we get 

 |𝑁| = 𝑒𝐶𝑒𝑟𝑡. (16) 

Let 𝐶1 = 𝑒𝐶 > 0. Then 

 |𝑁| = 𝐶1𝑒
𝑟𝑡. (17) 

Since in biological applications 𝑁(𝑡) represents a population size, we take 𝑁(𝑡) > 0, so 

 𝑁(𝑡) = 𝐶1𝑒
𝑟𝑡. (18) 

If the initial condition is 

 𝑁(0) = 𝑁0, (19) 

then substituting 𝑡 = 0 into (18) gives 

 𝑁0 = 𝐶1𝑒
0 = 𝐶1. (20) 

Therefore, the final explicit solution is 

 𝑁(𝑡) = 𝑁0𝑒
𝑟𝑡. (21) 
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Alternative derivation from the per capita growth rate 
Another useful way to derive the same model is to start from the per capita growth rate. By definition, 

 
1

𝑁

𝑑𝑁

𝑑𝑡
 (22) 

represents the growth rate per individual. If this quantity is assumed constant, say equal to 𝑟, then 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑟. (23) 

Multiplying both sides by 𝑁, we immediately recover 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁. (24) 

This shows that the Malthus equation is exactly the continuous model associated with a constant per capita rate of 

population change. 

 

Application exercise 
Consider a population of tumor cells whose initial size is 

 𝑁(0) = 5 × 104. (25) 

Suppose that after 10 days the observed population is 

 𝑁(10) = 1.1 × 105. (26) 

Assume that the growth follows the Malthus model 

 𝑁(𝑡) = 𝑁0𝑒
𝑟𝑡. (27) 

We wish to determine: 
1. The value of the growth rate 𝑟; 

2. The explicit function 𝑁(𝑡); 
3. The predicted population after 20 and 30 days; 

4. The doubling time; 

5. The graphical behavior of the solution. 

Step 1: determination of 𝑟. 

From (27), using 𝑁0 = 5 × 104, we have 

 𝑁(𝑡) = 5 × 104𝑒𝑟𝑡. (28) 

Now impose the second condition 𝑁(10) = 1.1 × 105: 

 1.1 × 105 = 5 × 104𝑒10𝑟 . (29) 

Divide both sides by 5 × 104: 

 
1.1×105

5×104
= 𝑒10𝑟 . (30) 

Simplifying the quotient, 

 
1.1×105

5×104
=

1.1

5
× 10 = 2.2, (31) 
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thus 

 2.2 = 𝑒10𝑟 . (32) 

Take the natural logarithm on both sides: 

 ln(2.2) = ln(𝑒10𝑟). (33) 

Using ln(𝑒10𝑟) = 10𝑟, we get 

 ln(2.2) = 10𝑟. (34) 

Finally, 

 𝑟 =
ln(2.2)

10
. (35) 

Numerically, 

 𝑟 ≈
0.788457

10
≈ 0.0788457 day

−1. (36) 

Step 2: explicit solution. 

Substituting (36) into (28), we obtain 

 𝑁(𝑡) = 5 × 104 𝑒0.0788457 𝑡. (37) 

Step 3: prediction after 20 days. 

Substitute 𝑡 = 20 into (37): 

 𝑁(20) = 5 × 104 𝑒0.0788457⋅20. (38) 

Compute the exponent: 

 0.0788457 ⋅ 20 = 1.576914. (39) 

Hence 

 𝑁(20) = 5 × 104 𝑒1.576914. (40) 

Since 𝑒1.576914 ≈ 4.8400, 

 𝑁(20) ≈ 5 × 104 × 4.8400 = 2.42 × 105. (41) 

Step 4: prediction after 30 days. 

Similarly, 

 𝑁(30) = 5 × 104 𝑒0.0788457⋅30. (42) 

Now, 

 0.0788457 ⋅ 30 = 2.365371. (43) 
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Thus, 

 𝑁(30) = 5 × 104 𝑒2.365371. (44) 

Since 𝑒2.365371 ≈ 10.646, 

 𝑁(30) ≈ 5 × 104 × 10.646 ≈ 5.323 × 105. (45) 

Step 5: doubling time. 

The doubling time 𝑇𝑑 is defined by 

 𝑁(𝑇𝑑) = 2𝑁0. (46) 

Using (21), 

 𝑁0𝑒
𝑟𝑇𝑑 = 2𝑁0. (47) 

Dividing both sides by 𝑁0, 

 𝑒𝑟𝑇𝑑 = 2. (48) 

Taking logarithms, 

 𝑟𝑇𝑑 = ln2. (49) 

Hence, 

 𝑇𝑑 =
ln2

𝑟
. (50) 

Substituting 𝑟 ≈ 0.0788457, 

 𝑇𝑑 ≈
0.693147

0.0788457
≈ 8.79 days. (51) 

Therefore, according to the model, the tumor-cell population doubles approximately every 8.79 days. 

Graphical representation. 
Figure 7 shows the exponential evolution of the population over 0 ≤ 𝑡 ≤ 30 days. 

 

Exponential growth predicted by the Malthus model for the tumor-cell population. 



Global J Res Eng Comput Sci. 2026; 6(2), 164-209 

        @ 2026 | PUBLISHED BY GJR PUBLICATION, INDIA  

 

174 

The previous example illustrates how the Malthus model can be calibrated from empirical observations and then 
used to estimate future behavior, growth intensity, and doubling time. From a mathematical point of view, the 
model is elegant because it leads to a closed-form expression, which allows direct interpretation of the influence 
of the parameter 𝑟. From a biological point of view, it can be useful as a first approximation for early growth 
phases, especially when resource limitation is still negligible. 
 
However, the graph also reveals the main limitation of the model: the predicted growth is unbounded. In real biological 

and health systems, this is rarely sustainable over long periods. Tumor populations, microbial colonies, and infected 

populations are usually constrained by nutrient availability, immune response, treatment, or environmental saturation. 

Therefore, the Malthus model is particularly important as a foundational model: it is simple, analytically tractable, and 

conceptually clear, but it must often be replaced by more realistic nonlinear models, such as the Verhulst or Gompertz 

models, when saturation effects become relevant [25], [13]. 

 

The Verhulst Model 
Pierre-François Verhulst (1804–1849) was a Belgian mathematician and statistician, born in Brussels, who studied 

mathematics in Ghent and later became known for introducing the logistic law of population growth in the nineteenth 

century. Verhulst proposed his model as a correction to the unrestricted exponential growth described by Malthus, 

arguing that real populations are limited by environmental resistance, competition for resources, and carrying capacity 

[14], [15], [16]. For this reason, the Verhulst model is one of the most important nonlinear ordinary differential equations 

in biological growth theory and has been widely applied in ecology, epidemiology, and health-related population 

dynamics [17], [33]. 
Biological assumption and mathematical construction 
Let 𝑁(𝑡) denote the size of a biological population at time 𝑡. The Malthus model assumes that the per capita growth rate 

is constant, that is, 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑟. (52) 

However, this assumption becomes unrealistic when the population grows and starts competing for limited resources. 

Verhulst’s key idea was that the per capita growth rate should decrease as the population size increases. 

 

To represent this mathematically, suppose that the per capita growth rate decreases linearly with 𝑁. Thus, we 
write 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑎 − 𝑏𝑁, (53) 

where: 

• 𝑎 > 0 is the intrinsic growth contribution; 

• 𝑏 > 0 measures the intensity of crowding or environmental resistance. 

Multiplying both sides of (53) by 𝑁, we obtain 

 
𝑑𝑁

𝑑𝑡
= 𝑎𝑁 − 𝑏𝑁2. (54) 

Equation (54) already exhibits the main structure of the Verhulst model: a positive linear term 𝑎𝑁, representing growth, 

and a negative quadratic term 𝑏𝑁2, representing competition. 

Now factor 𝑁 on the right-hand side: 

 
𝑑𝑁

𝑑𝑡
= 𝑁(𝑎 − 𝑏𝑁). (55) 

At this stage, introduce the carrying capacity 𝐾, defined by 

 𝐾 =
𝑎

𝑏
. (56) 

From (56), we also have 

 𝑏 =
𝑎

𝐾
. (57) 
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Substitute (57) into (54): 

 
𝑑𝑁

𝑑𝑡
= 𝑎𝑁 −

𝑎

𝐾
𝑁2. (58) 

Factor 𝑎𝑁: 

 
𝑑𝑁

𝑑𝑡
= 𝑎𝑁 (1 −

𝑁

𝐾
). (59) 

If we rename 𝑎 by the standard notation 𝑟, then the Verhulst or logistic differential equation becomes 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 (1 −

𝑁

𝐾
). (60) 

Equation (60) is the classical logistic model. The parameter 𝑟 > 0 is the intrinsic growth rate, while 𝐾 > 0 is the 
carrying capacity, that is, the maximum sustainable population under the given environmental conditions. 
 

Interpretation of the terms 
The term 

 𝑟𝑁 (61) 

corresponds to unrestricted Malthusian growth, whereas the factor 

 1 −
𝑁

𝐾
 (62) 

acts as a correction due to finite resources. 
 

This factor has a clear biological meaning: 

• if 𝑁 ≪ 𝐾, then 
𝑁

𝐾
≈ 0, so 1 −

𝑁

𝐾
≈ 1, and growth is approximately exponential; 

• if 𝑁 = 𝐾, then 1 −
𝑁

𝐾
= 0, and therefore 

𝑑𝑁

𝑑𝑡
= 0; 

• if 𝑁 > 𝐾, then 1 −
𝑁

𝐾
< 0, so the population decreases toward 𝐾. 

Thus, the logistic model introduces a self-regulating mechanism absent in the Malthus model. 

Equilibrium points and qualitative behavior 
To find the equilibrium points, set 

 
𝑑𝑁

𝑑𝑡
= 0. (63) 

Using (60), 

 𝑟𝑁 (1 −
𝑁

𝐾
) = 0. (64) 

Since 𝑟 ≠ 0, the product is zero if and only if 

 𝑁 = 0  or  1−
𝑁

𝐾
= 0. (65) 

From the second condition, 

 
𝑁

𝐾
= 1, (66) 

hence 

 𝑁 = 𝐾. (67) 
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Therefore, the model has two equilibria: 

 𝑁1
∗ = 0,  𝑁2

∗ = 𝐾. (68) 

These equilibria have the following interpretation: 

• 𝑁 = 0 corresponds to extinction; 

• 𝑁 = 𝐾 corresponds to the saturation level or carrying capacity. 

 

Analytical solution of the model 
We now solve (60) explicitly. Start from 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 (1 −

𝑁

𝐾
). (69) 

Rewrite the factor in parentheses: 

 1 −
𝑁

𝐾
=

𝐾−𝑁

𝐾
. (70) 

Substitute (70) into (69): 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁

𝐾−𝑁

𝐾
. (71) 

Thus, 

 
𝑑𝑁

𝑑𝑡
=

𝑟𝑁(𝐾−𝑁)

𝐾
. (72) 

Now separate variables: 

 
𝐾

𝑁(𝐾−𝑁)
 𝑑𝑁 = 𝑟 𝑑𝑡. (73) 

We now decompose the left-hand side into partial fractions. We seek constants 𝐴 and 𝐵 such that 

 
𝐾

𝑁(𝐾−𝑁)
=

𝐴

𝑁
+

𝐵

𝐾−𝑁
. (74) 

Multiply both sides by 𝑁(𝐾 − 𝑁): 

 𝐾 = 𝐴(𝐾 − 𝑁) + 𝐵𝑁. (75) 

Expand the right-hand side: 

 𝐾 = 𝐴𝐾 − 𝐴𝑁 + 𝐵𝑁. (76) 

Group the terms in 𝑁: 

 𝐾 = 𝐴𝐾 + (𝐵 − 𝐴)𝑁. (77) 

Now compare coefficients on both sides. Since the left-hand side has no term in 𝑁, we must have 

 𝐵 − 𝐴 = 0. (78) 

Also, the constant term must satisfy 

 𝐴𝐾 = 𝐾. (79) 
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From (79), 

 𝐴 = 1. (80) 

Using (78), 

 𝐵 = 1. (81) 

Therefore, 

 
𝐾

𝑁(𝐾−𝑁)
=

1

𝑁
+

1

𝐾−𝑁
. (82) 

Substituting (82) into (73), 

 (
1

𝑁
+

1

𝐾−𝑁
) 𝑑𝑁 = 𝑟 𝑑𝑡. (83) 

Integrate both sides: 

 ∫ (
1

𝑁
+

1

𝐾−𝑁
) 𝑑𝑁 = ∫ 𝑟 𝑑𝑡. (84) 

Compute each integral term by term: 

 ∫
1

𝑁
 𝑑𝑁 = ln|𝑁|, (85) 

and, using the substitution 𝑢 = 𝐾 − 𝑁, 𝑑𝑢 = −𝑑𝑁, 

 ∫
1

𝐾−𝑁
 𝑑𝑁 = −ln|𝐾 − 𝑁|. (86) 

Hence, 

 ln|𝑁| − ln|𝐾 − 𝑁| = 𝑟𝑡 + 𝐶. (87) 

Using logarithmic properties, 

 ln |
𝑁

𝐾−𝑁
| = 𝑟𝑡 + 𝐶. (88) 

Exponentiating both sides, 

 |
𝑁

𝐾−𝑁
| = 𝑒𝑟𝑡+𝐶 = 𝐶1𝑒

𝑟𝑡, (89) 

where 𝐶1 = 𝑒𝐶 > 0. 

For biological populations, we consider 0 < 𝑁 < 𝐾 or 𝑁 > 0, so we write 

 
𝑁

𝐾−𝑁
= 𝐶1𝑒

𝑟𝑡. (90) 

Now solve algebraically for 𝑁. Multiply both sides by 𝐾 −𝑁: 

 𝑁 = 𝐶1𝑒
𝑟𝑡(𝐾 − 𝑁). (91) 
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Expand the right-hand side: 

 𝑁 = 𝐾𝐶1𝑒
𝑟𝑡 − 𝐶1𝑒

𝑟𝑡𝑁. (92) 

Bring the terms involving 𝑁 to the left: 

 𝑁 + 𝐶1𝑒
𝑟𝑡𝑁 = 𝐾𝐶1𝑒

𝑟𝑡. (93) 

Factor 𝑁: 

 𝑁(1 + 𝐶1𝑒
𝑟𝑡) = 𝐾𝐶1𝑒

𝑟𝑡. (94) 

Thus, 

 𝑁(𝑡) =
𝐾𝐶1𝑒

𝑟𝑡

1+𝐶1𝑒
𝑟𝑡. (95) 

Divide numerator and denominator by 𝐶1𝑒
𝑟𝑡: 

 𝑁(𝑡) =
𝐾

1

𝐶1𝑒
𝑟𝑡+1

. (96) 

Since 

 
1

𝐶1𝑒
𝑟𝑡 =

1

𝐶1
𝑒−𝑟𝑡, (97) 

define 

 𝐴 =
1

𝐶1
. (98) 

Then the standard logistic solution becomes 

 𝑁(𝑡) =
𝐾

1+𝐴𝑒−𝑟𝑡
. (99) 

Now impose the initial condition 

 𝑁(0) = 𝑁0. (100) 

Substituting 𝑡 = 0 into (99), 

 𝑁0 =
𝐾

1+𝐴
. (101) 

Multiply both sides by 1 + 𝐴: 

 𝑁0(1 + 𝐴) = 𝐾. (102) 

Expand: 

 𝑁0 +𝑁0𝐴 = 𝐾. (103) 

Thus, 

 𝑁0𝐴 = 𝐾 −𝑁0, (104) 

and therefore 

 𝐴 =
𝐾−𝑁0

𝑁0
. (105) 
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Substituting (105) into (99), we obtain the final explicit solution: 

 𝑁(𝑡) =
𝐾

1+(
𝐾−𝑁0
𝑁0

)𝑒−𝑟𝑡
. (106) 

Application exercise 
Consider the growth of a tumor-cell population modeled by the logistic equation 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 (1 −

𝑁

𝐾
), (107) 

with carrying capacity 

 𝐾 = 106 cells, (108) 

initial population 

 𝑁(0) = 5 × 104 cells, (109) 

and intrinsic growth rate 

 𝑟 = 0.20 day
−1. (110) 

We wish to determine: 
1. The explicit solution 𝑁(𝑡); 
2. The predicted population at 𝑡 = 10, 20, and 30 days; 

3. The long-term behavior of the model; 

4. The graphical interpretation of the solution. 
 

Step 1: explicit formula. 
Using (106), 

 𝑁(𝑡) =
𝐾

1+(
𝐾−𝑁0
𝑁0

)𝑒−𝑟𝑡
. (111) 

Substitute 𝐾 = 106, 𝑁0 = 5 × 104, and 𝑟 = 0.20: 

 𝑁(𝑡) =
106

1+(
106−5×104

5×104
)𝑒−0.20𝑡

. (112) 

Compute the coefficient inside the parentheses: 

 106 − 5 × 104 = 950000, (113) 

hence 

 
950000

50000
= 19. (114) 

Therefore, 

 𝑁(𝑡) =
106

1+19𝑒−0.20𝑡
. (115) 

Step 2: prediction at 𝑡 = 10 days. 
Substitute 𝑡 = 10 into (115): 

 𝑁(10) =
106

1+19𝑒−2
. (116) 

Since 

 𝑒−2 ≈ 0.135335, (117) 
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we obtain 

 19𝑒−2 ≈ 19 × 0.135335 ≈ 2.571365. (118) 

Thus, 

 𝑁(10) ≈
106

1+2.571365
=

106

3.571365
≈ 279 925. (119) 

Step 3: prediction at 𝑡 = 20 days. 

Now, 

 𝑁(20) =
106

1+19𝑒−4
. (120) 

Since 

 𝑒−4 ≈ 0.018315, (121) 

then 

 19𝑒−4 ≈ 19 × 0.018315 ≈ 0.347985. (122) 

Hence, 

 𝑁(20) ≈
106

1+0.347985
=

106

1.347985
≈ 741 848. (123) 

Step 4: prediction at 𝑡 = 30 days. 

Similarly, 

 𝑁(30) =
106

1+19𝑒−6
. (124) 

Since 

 𝑒−6 ≈ 0.002479, (125) 

we obtain 

 19𝑒−6 ≈ 19 × 0.002479 ≈ 0.047101. (126) 

Therefore, 

 𝑁(30) ≈
106

1+0.047101
=

106

1.047101
≈ 955 017. (127) 

 

Step 5: long-term behavior. 
To analyze the long-term behavior, compute the limit of (115) as 𝑡 → ∞: 

 lim
𝑡→∞

𝑁(𝑡) = lim
𝑡→∞

106

1+19𝑒−0.20𝑡
. (128) 

Since 

 lim
𝑡→∞

𝑒−0.20𝑡 = 0, (129) 

it follows that 

 lim
𝑡→∞

𝑁(𝑡) =
106

1+0
= 106. (130) 

Thus, the population approaches the carrying capacity 𝐾 = 106 cells. 
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Graphical representation. 

Figure 8 displays the logistic growth curve over the interval 0 ≤ 𝑡 ≤ 35 days. 

 

Logistic growth predicted by the Verhulst model with carrying capacity \(K=10^6\). 

This example clearly shows the main difference between the Malthus and Verhulst models. In the initial stage, growth is 

rapid and resembles exponential behavior. However, as the population increases, the term 1 −
𝑁

𝐾
 reduces the effective 

growth rate, producing a progressive deceleration. As a result, the population no longer grows without bound; instead, it 

approaches the carrying capacity 𝐾. 

 

From a biological and health perspective, this makes the Verhulst model considerably more realistic than the Malthus 

model for many applications. In tumor growth, cellular proliferation, and other health-related population processes, 

unlimited exponential growth is rarely sustained over long periods. Competition for nutrients, spatial restriction, immune 

response, and treatment effects contribute to a saturation phenomenon that the logistic model is able to represent in a 

simple but meaningful way [17], [33], [25]. Therefore, the Verhulst model occupies a central place in mathematical 

biology: it preserves the analytical tractability of a first-order ODE while incorporating an essential nonlinear correction 

that greatly improves the realism of the model. 
 

The Gompertz Model 
Benjamin Gompertz (1779–1865) was an English mathematician and actuary, born in London, who became widely 

known for his work on the mathematical law of mortality published in 1825. Although the original formulation was 

introduced in actuarial science, the Gompertz law was later adapted to biological growth and became one of the most 

important models in mathematical biology, especially in tumor growth, cell proliferation, and biomedical population 

dynamics [20], [21], [22], [37], [25]. In contrast to the Malthus and Verhulst models, the Gompertz model assumes that 

the per capita growth rate is not constant and does not decrease linearly with population size; instead, it decreases 

according to a logarithmic correction, which makes the model especially suitable for biological systems exhibiting rapid 

initial growth followed by progressive deceleration [37], [33], [25]. 
 

Biological assumption and mathematical construction 
Let 𝑁(𝑡) denote the size of a biological population at time 𝑡. The central idea of the Gompertz model is that the relative 

or per capita growth rate decreases as the population approaches a limiting level 𝐾, but this decrease is not linear as in 

the Verhulst model. Instead, the Gompertz assumption is that the per capita growth rate is proportional to the logarithm 

of the ratio between the carrying capacity and the current population size. Thus, 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑟ln (

𝐾

𝑁
), (131) 
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where: 

• 𝑁(𝑡) is the population size; 

• 𝑟 > 0 is the intrinsic growth parameter; 

• 𝐾 > 0 is the asymptotic carrying capacity. 

Multiplying both sides of (131) by 𝑁, we obtain 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁ln(

𝐾

𝑁
). (132) 

Equation (132) is the classical Gompertz differential equation. We may also expand the logarithm using the property 

 ln (
𝐾

𝑁
) = ln𝐾 − ln𝑁, (133) 

and substitute this into (132), yielding 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁(ln𝐾 − ln𝑁). (134) 

Distributing 𝑟𝑁, we get 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁ln𝐾 − 𝑟𝑁ln𝑁. (135) 

Equation (135) makes clear that growth is driven by the positive term 𝑟𝑁ln𝐾 and reduced by the nonlinear term 𝑟𝑁ln𝑁. 

This nonlinear logarithmic correction is precisely what distinguishes the Gompertz model from the logistic model. 

 

Alternative derivation through a transformed variable 
The Gompertz model can also be derived by assuming that the logarithm of the population satisfies a first-order linear 

equation. Define 
 𝑦(𝑡) = ln𝑁(𝑡). (136) 

Then, by the chain rule, 

 
𝑑𝑦

𝑑𝑡
=

1

𝑁

𝑑𝑁

𝑑𝑡
. (137) 

Now assume that the logarithmic population 𝑦(𝑡) approaches the limiting value ln𝐾 exponentially. This means that the 

rate of change of 𝑦(𝑡) is proportional to the difference between ln𝐾 and 𝑦(𝑡): 

 
𝑑𝑦

𝑑𝑡
= 𝑟(ln𝐾 − 𝑦). (138) 

Replacing 𝑦 = ln𝑁 in (138), we obtain 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑟(ln𝐾 − ln𝑁). (139) 

Using the logarithmic identity ln𝐾 − ln𝑁 = ln (
𝐾

𝑁
), we recover 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑟ln (

𝐾

𝑁
), (140) 

and multiplying by 𝑁, 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁ln(

𝐾

𝑁
). (141) 

Therefore, the Gompertz equation can be interpreted as the natural growth law obtained when the logarithm of the 

population relaxes exponentially toward the logarithm of the carrying capacity. 
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Equilibrium points and qualitative interpretation 
To find the equilibrium points, set 

 
𝑑𝑁

𝑑𝑡
= 0. (142) 

Using (132), 

 𝑟𝑁ln(
𝐾

𝑁
) = 0. (143) 

Since 𝑟 > 0, this product vanishes when either 

 𝑁 = 0 (144) 

or 

 ln (
𝐾

𝑁
) = 0. (145) 

From (145), we have 

 
𝐾

𝑁
= 1, (146) 

hence 

 𝑁 = 𝐾. (147) 

Thus, the relevant equilibrium for positive biological populations is 

 𝑁∗ = 𝐾. (148) 

The interpretation is straightforward: 

• if 0 < 𝑁 < 𝐾, then 
𝐾

𝑁
> 1, so ln (

𝐾

𝑁
) > 0, and therefore 

𝑑𝑁

𝑑𝑡
> 0; 

• if 𝑁 = 𝐾, then ln (
𝐾

𝑁
) = 0, so 

𝑑𝑁

𝑑𝑡
= 0; 

• if 𝑁 > 𝐾, then 
𝐾

𝑁
< 1, so ln (

𝐾

𝑁
) < 0, and therefore 

𝑑𝑁

𝑑𝑡
< 0. 

Hence, the population tends toward 𝐾, but in a way that is more asymmetric than the logistic curve. 

Analytical solution of the model 
We now solve the Gompertz differential equation explicitly. Start from 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁ln(

𝐾

𝑁
). (149) 

As in the alternative derivation, define 

 𝑦 = ln𝑁. (150) 

Then 

 
𝑑𝑦

𝑑𝑡
=

1

𝑁

𝑑𝑁

𝑑𝑡
. (151) 

Dividing (149) by 𝑁, we obtain 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑟ln (

𝐾

𝑁
). (152) 
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Using (151), this becomes 

 
𝑑𝑦

𝑑𝑡
= 𝑟ln(

𝐾

𝑁
). (153) 

Now use ln𝑁 = 𝑦, so 

 ln (
𝐾

𝑁
) = ln𝐾 − ln𝑁 = ln𝐾 − 𝑦. (154) 

Substitute (154) into (153): 

 
𝑑𝑦

𝑑𝑡
= 𝑟(ln𝐾 − 𝑦). (155) 

Rewrite (155) as 

 
𝑑𝑦

𝑑𝑡
+ 𝑟𝑦 = 𝑟ln𝐾. (156) 

Equation (156) is a first-order linear ODE in 𝑦. The integrating factor is 

 𝜇(𝑡) = 𝑒∫ 𝑟 𝑑𝑡 = 𝑒𝑟𝑡. (157) 

Multiply both sides of (156) by 𝑒𝑟𝑡: 

 𝑒𝑟𝑡
𝑑𝑦

𝑑𝑡
+ 𝑟𝑒𝑟𝑡𝑦 = 𝑟ln𝐾 𝑒𝑟𝑡. (158) 

The left-hand side is the derivative of 𝑒𝑟𝑡𝑦, so 

 
𝑑

𝑑𝑡
(𝑒𝑟𝑡𝑦) = 𝑟ln𝐾 𝑒𝑟𝑡. (159) 

Integrating both sides, 

 ∫
𝑑

𝑑𝑡
(𝑒𝑟𝑡𝑦) 𝑑𝑡 = ∫ 𝑟ln𝐾 𝑒𝑟𝑡  𝑑𝑡. (160) 

Thus, 

 𝑒𝑟𝑡𝑦 = 𝑟ln𝐾∫ 𝑒𝑟𝑡  𝑑𝑡 + 𝐶. (161) 

Since 

 ∫ 𝑒𝑟𝑡  𝑑𝑡 =
1

𝑟
𝑒𝑟𝑡, (162) 

we obtain 

 𝑒𝑟𝑡𝑦 = 𝑟ln𝐾 ⋅
1

𝑟
𝑒𝑟𝑡 + 𝐶. (163) 

Simplifying, 

 𝑒𝑟𝑡𝑦 = ln𝐾 𝑒𝑟𝑡 + 𝐶. (164) 

Divide both sides by 𝑒𝑟𝑡: 

 𝑦 = ln𝐾 + 𝐶𝑒−𝑟𝑡. (165) 
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Recall that 𝑦 = ln𝑁, so 

 ln𝑁 = ln𝐾 + 𝐶𝑒−𝑟𝑡. (166) 

Exponentiating both sides, 

 𝑁(𝑡) = 𝑒ln𝐾+𝐶𝑒
−𝑟𝑡
. (167) 

Using the exponential property 𝑒𝑎+𝑏 = 𝑒𝑎𝑒𝑏, 

 𝑁(𝑡) = 𝑒ln𝐾𝑒𝐶𝑒
−𝑟𝑡
. (168) 

Since 𝑒ln𝐾 = 𝐾, 

 𝑁(𝑡) = 𝐾𝑒𝐶𝑒
−𝑟𝑡
. (169) 

Now impose the initial condition 

 𝑁(0) = 𝑁0. (170) 

Substituting 𝑡 = 0 into (169), 

 𝑁0 = 𝐾𝑒𝐶 . (171) 

Divide both sides by 𝐾: 

 
𝑁0

𝐾
= 𝑒𝐶 . (172) 

Taking the natural logarithm, 

 𝐶 = ln (
𝑁0

𝐾
). (173) 

Substitute (173) into (169): 

 𝑁(𝑡) = 𝐾exp [ln (
𝑁0

𝐾
) 𝑒−𝑟𝑡]. (174) 

This is the standard explicit solution of the Gompertz model: 

 𝑁(𝑡) = 𝐾exp [ln (
𝑁0

𝐾
) 𝑒−𝑟𝑡]. (175) 

It is often convenient to rewrite the exponent. Since 

 ln (
𝑁0

𝐾
) = −ln (

𝐾

𝑁0
), (176) 

we may write 

 𝑁(𝑡) = 𝐾exp [−ln(
𝐾

𝑁0
) 𝑒−𝑟𝑡]. (177) 

This form makes clear that the solution converges to 𝐾 as 𝑡 → ∞. 
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Application exercise 
Consider a tumor-cell population modeled by the Gompertz equation 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁ln(

𝐾

𝑁
), (178) 

with carrying capacity 

 𝐾 = 106 cells, (179) 

initial population 

 𝑁(0) = 5 × 104 cells, (180) 

and growth parameter 

 𝑟 = 0.18 day
−1. (181) 

We wish to determine: 

• The explicit solution 𝑁(𝑡); 
• The predicted population at 𝑡 = 10, 20, and 30 days; 

• The long-term behavior of the solution; 

• The graphical interpretation of the model. 

Step 1: explicit formula. 

Using (175), 

 𝑁(𝑡) = 106exp [ln (
5×104

106
) 𝑒−0.18𝑡]. (182) 

Now simplify the fraction: 

 
5×104

106
= 0.05. (183) 

Therefore, 

 𝑁(𝑡) = 106exp[ln(0.05)𝑒−0.18𝑡]. (184) 

Since 

 ln(0.05) ≈ −2.995732, (185) 

we obtain 

 𝑁(𝑡) = 106exp[−2.995732 𝑒−0.18𝑡]. (186) 

Step 2: prediction at 𝑡 = 10 days. 

Substitute 𝑡 = 10 into (186): 

 𝑁(10) = 106exp[−2.995732 𝑒−1.8]. (187) 
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Since 

 𝑒−1.8 ≈ 0.165299, (188) 

then 

 −2.995732 × 0.165299 ≈ −0.495228. (189) 

Hence 

 𝑁(10) ≈ 106𝑒−0.495228. (190) 

Since 

 𝑒−0.495228 ≈ 0.609425, (191) 

we conclude that 

 𝑁(10) ≈ 6.094 × 105. (192) 

Step 3: prediction at 𝑡 = 20 days. 

Now evaluate the model at 𝑡 = 20: 

 𝑁(20) = 106exp[−2.995732 𝑒−3.6]. (193) 

Since 

 𝑒−3.6 ≈ 0.027324, (194) 

we have 

 −2.995732 × 0.027324 ≈ −0.081860. (195) 

Thus, 

 𝑁(20) ≈ 106𝑒−0.081860. (196) 

Since 

 𝑒−0.081860 ≈ 0.921400, (197) 

it follows that 

 𝑁(20) ≈ 9.214 × 105. (198) 

Step 4: prediction at 𝑡 = 30 days. 

Similarly, 

 𝑁(30) = 106exp[−2.995732 𝑒−5.4]. (199) 
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Since 

 𝑒−5.4 ≈ 0.004517, (200) 

then 

 −2.995732 × 0.004517 ≈ −0.013531. (201) 

Hence, 

 𝑁(30) ≈ 106𝑒−0.013531. (202) 

As 

 𝑒−0.013531 ≈ 0.986560, (203) 

we obtain 

 𝑁(30) ≈ 9.866 × 105. (204) 

Step 5: long-term behavior. 

From (186), 

 𝑁(𝑡) = 106exp[−2.995732 𝑒−0.18𝑡]. (205) 

Taking the limit as 𝑡 → ∞, 

 lim
𝑡→∞

𝑒−0.18𝑡 = 0. (206) 

Therefore, 

 lim
𝑡→∞

𝑁(𝑡) = 106exp(0) = 106. (207) 

Thus, the population approaches the carrying capacity 𝐾 = 106 cells. 

Graphical representation 

Figure 9 shows the Gompertz growth curve for the considered parameter values. 

 

Tumor growth predicted by the Gompertz model. 
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This example shows that the Gompertz model predicts rapid initial growth followed by a strong deceleration as the 

population approaches the carrying capacity. Compared with the logistic model, the Gompertz curve is more asymmetric 

and often provides a better qualitative description of tumor growth data, especially when the growth slows down 

gradually over time rather than symmetrically around an inflection point [33], [25], [37]. For this reason, the Gompertz 

law is one of the most frequently used deterministic growth models in oncology and mathematical biology. 

 

From a mathematical perspective, the model is particularly interesting because the nonlinearity appears through a 

logarithmic term, which leads to a rich but still analytically tractable formulation. From an applied perspective, the model 

is valuable because it captures the biologically realistic idea that growth becomes increasingly inefficient as the system 

evolves. Therefore, the Gompertz model stands as an important intermediate step between simple exponential growth and 

more elaborate nonlinear models used in health-related dynamical systems. 
 

The Richards Model 
Francis James Richards (1901–1965) was a British botanist and plant physiologist associated with Imperial College 

London, where he developed one of the most flexible sigmoidal growth laws in the literature. In his 1959 paper A 

Flexible Growth Function for Empirical Use, Richards introduced a generalized growth equation capable of reproducing 

several classical models as special or limiting cases, including the Malthus, Verhulst, and Gompertz models [34], [36], 

[37]. For this reason, the Richards model is especially important in mathematical biology and health-related growth 

analysis, since it provides an additional shape parameter that controls the asymmetry of the growth curve and allows 

better fitting of empirical biological data [34], [36], [33]. 
 

Biological assumption and mathematical construction 
Let 𝑁(𝑡) denote the size of a biological population at time 𝑡. The main idea of the Richards model is that the per capita 

growth rate decreases with population size, but in a more flexible way than in the Verhulst model. Instead of assuming a 

simple linear decay with 𝑁, Richards introduced a power-law correction governed by an additional exponent 𝜈 > 0. 

We begin by assuming that the per capita growth rate has the form 

 
1

𝑁

𝑑𝑁

𝑑𝑡
= 𝑎 − 𝑏𝑁𝜈, (208) 

where: 

• 𝑎 > 0 is the intrinsic growth contribution; 

• 𝑏 > 0 measures the crowding effect; 

• 𝜈 > 0 is the shape parameter controlling the asymmetry of the growth curve. 

Multiplying both sides of (208) by 𝑁, we obtain 

 
𝑑𝑁

𝑑𝑡
= 𝑎𝑁 − 𝑏𝑁𝜈+1. (209) 

Factor 𝑁 on the right-hand side: 

 
𝑑𝑁

𝑑𝑡
= 𝑁(𝑎 − 𝑏𝑁𝜈). (210) 

Now introduce the carrying capacity 𝐾 > 0 by imposing that the growth rate vanishes at 𝑁 = 𝐾. Thus, substituting 𝑁 =
𝐾 into (209), we require 

 0 = 𝑎𝐾 − 𝑏𝐾𝜈+1. (211) 

Factor 𝐾: 

 0 = 𝐾(𝑎 − 𝑏𝐾𝜈). (212) 

Since 𝐾 > 0, it follows that 

 𝑎 − 𝑏𝐾𝜈 = 0. (213) 

Therefore, 

 𝑎 = 𝑏𝐾𝜈. (214) 
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Solving for 𝑏, we obtain 

 𝑏 =
𝑎

𝐾𝜈
. (215) 

Substitute (215) into (209): 

 
𝑑𝑁

𝑑𝑡
= 𝑎𝑁 −

𝑎

𝐾𝜈
𝑁𝜈+1. (216) 

Factor 𝑎𝑁: 

 
𝑑𝑁

𝑑𝑡
= 𝑎𝑁 (1 −

𝑁𝜈

𝐾𝜈
). (217) 

Using the identity 

 
𝑁𝜈

𝐾𝜈
= (

𝑁

𝐾
)
𝜈

, (218) 

equation (217) becomes 

 
𝑑𝑁

𝑑𝑡
= 𝑎𝑁 [1 − (

𝑁

𝐾
)
𝜈

]. (219) 

Renaming 𝑎 by the standard notation 𝑟, we obtain the classical Richards equation: 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 [1 − (

𝑁

𝐾
)
𝜈

]. (220) 

Equation (220) is the Richards growth model. It generalizes the Verhulst logistic model, which is recovered when 𝜈 = 1, 

and it is closely connected to the Gompertz model by a limiting procedure [36], [37]. 

 

Interpretation of the parameters 
The parameters in (220) have the following meaning: 

• 𝑟 > 0 is the intrinsic growth rate; 

• 𝐾 > 0 is the carrying capacity; 

• 𝜈 > 0 is the shape parameter. 

The role of 𝜈 is especially important: 

• if 𝜈 = 1, the model reduces to the Verhulst logistic equation; 
• if 𝜈 > 1, the approach to saturation becomes more abrupt; 
• if 0 < 𝜈 < 1, the curve becomes more asymmetric and the initial phase may differ substantially from the 

standard logistic behavior. 

Thus, the Richards model is useful when empirical growth data do not follow the symmetry imposed by the logistic 

model. 
 

Equilibrium points and qualitative behavior 
To determine the equilibrium points, set 

 
𝑑𝑁

𝑑𝑡
= 0. (221) 

Using (220), 

 𝑟𝑁 [1 − (
𝑁

𝐾
)
𝜈

] = 0. (222) 

Since 𝑟 ≠ 0, the product is zero if and only if 

 𝑁 = 0  or  1− (
𝑁

𝐾
)
𝜈

= 0. (223) 
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From the second condition, 

 (
𝑁

𝐾
)
𝜈

= 1. (224) 

Because 𝑁 > 0 and 𝐾 > 0, taking the 𝜈-th root gives 

 
𝑁

𝐾
= 1, (225) 

hence 

 𝑁 = 𝐾. (226) 

Therefore, the two equilibria are 

 𝑁1
∗ = 0,  𝑁2

∗ = 𝐾. (227) 

The interpretation is analogous to the logistic case: 

• 𝑁 = 0 corresponds to extinction; 
• 𝑁 = 𝐾 corresponds to the saturation level. 

Analytical solution of the model 

We now derive the explicit solution of (220). Starting from 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 [1 − (

𝑁

𝐾
)
𝜈

], (228) 

separate the variables: 

 
𝑑𝑁

𝑁[1−(
𝑁

𝐾
)
𝜈
]
= 𝑟 𝑑𝑡. (229) 

At this point, introduce the substitution 

 𝑢 = (
𝑁

𝐾
)
𝜈

. (230) 

Since 

 𝑢 =
𝑁𝜈

𝐾𝜈
, (231) 

differentiate both sides with respect to 𝑁: 

 
𝑑𝑢

𝑑𝑁
=

𝜈𝑁𝜈−1

𝐾𝜈
. (232) 

Therefore, 

 𝑑𝑢 =
𝜈𝑁𝜈−1

𝐾𝜈
 𝑑𝑁. (233) 

Multiply numerator and denominator appropriately to rewrite (229). Since 

 𝑢 =
𝑁𝜈

𝐾𝜈
, (234) 

it follows that 

 
𝑑𝑢

𝑢
=

𝜈𝑁𝜈−1

𝐾𝜈
⋅
𝐾𝜈

𝑁𝜈  𝑑𝑁 = 𝜈
𝑑𝑁

𝑁
. (235) 
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Thus, 

 
𝑑𝑁

𝑁
=

1

𝜈

𝑑𝑢

𝑢
. (236) 

Now substitute (230) and (236) into (229): 

 
1

𝜈

1

𝑢(1−𝑢)
 𝑑𝑢 = 𝑟 𝑑𝑡. (237) 

Multiply both sides by 𝜈: 

 
1

𝑢(1−𝑢)
 𝑑𝑢 = 𝜈𝑟 𝑑𝑡. (238) 

We now decompose 

 
1

𝑢(1−𝑢)
 (239) 

into partial fractions. Seek constants 𝐴 and 𝐵 such that 

 
1

𝑢(1−𝑢)
=

𝐴

𝑢
+

𝐵

1−𝑢
. (240) 

Multiply both sides by 𝑢(1 − 𝑢): 

 1 = 𝐴(1 − 𝑢) + 𝐵𝑢. (241) 

Expand: 

 1 = 𝐴 − 𝐴𝑢 + 𝐵𝑢. (242) 

Group the terms in 𝑢: 

 1 = 𝐴 + (𝐵 − 𝐴)𝑢. (243) 

Comparing coefficients, we obtain 

 𝐴 = 1  and  𝐵 − 𝐴 = 0. (244) 

Hence, 

 𝐴 = 1  and  𝐵 = 1. (245) 

Therefore, 

 
1

𝑢(1−𝑢)
=

1

𝑢
+

1

1−𝑢
. (246) 

Substitute (246) into (238): 

 (
1

𝑢
+

1

1−𝑢
)𝑑𝑢 = 𝜈𝑟 𝑑𝑡. (247) 
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Integrating both sides, 

 ∫ (
1

𝑢
+

1

1−𝑢
)𝑑𝑢 = ∫ 𝜈𝑟 𝑑𝑡. (248) 

Compute each integral: 

 ∫
1

𝑢
 𝑑𝑢 = ln|𝑢|, (249) 

and, using 𝑤 = 1− 𝑢, 𝑑𝑤 = −𝑑𝑢, 

 ∫
1

1−𝑢
 𝑑𝑢 = −ln|1 − 𝑢|. (250) 

Thus, 

 ln|𝑢| − ln|1 − 𝑢| = 𝜈𝑟𝑡 + 𝐶. (251) 

Using logarithmic properties, 

 ln |
𝑢

1−𝑢
| = 𝜈𝑟𝑡 + 𝐶. (252) 

Exponentiating both sides, 

 
𝑢

1−𝑢
= 𝐶1𝑒

𝜈𝑟𝑡, (253) 

where 𝐶1 = 𝑒𝐶 . 

Now solve algebraically for 𝑢. Multiply both sides by 1 − 𝑢: 

 𝑢 = 𝐶1𝑒
𝜈𝑟𝑡(1 − 𝑢). (254) 

Expand the right-hand side: 

 𝑢 = 𝐶1𝑒
𝜈𝑟𝑡 − 𝐶1𝑒

𝜈𝑟𝑡𝑢. (255) 

Bring the terms involving 𝑢 to the left: 

 𝑢 + 𝐶1𝑒
𝜈𝑟𝑡𝑢 = 𝐶1𝑒

𝜈𝑟𝑡. (256) 

Factor 𝑢: 

 𝑢(1 + 𝐶1𝑒
𝜈𝑟𝑡) = 𝐶1𝑒

𝜈𝑟𝑡. (257) 

Hence, 

 𝑢 =
𝐶1𝑒

𝜈𝑟𝑡

1+𝐶1𝑒
𝜈𝑟𝑡. (258) 

Divide numerator and denominator by 𝐶1𝑒
𝜈𝑟𝑡: 

 𝑢 =
1

1+
1

𝐶1
𝑒−𝜈𝑟𝑡

. (259) 
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Let 

 𝐴 =
1

𝐶1
. (260) 

Then 

 𝑢 =
1

1+𝐴𝑒−𝜈𝑟𝑡
. (261) 

Recall from (230) that 

 𝑢 = (
𝑁

𝐾
)
𝜈

. (262) 

Therefore, 

 (
𝑁

𝐾
)
𝜈

=
1

1+𝐴𝑒−𝜈𝑟𝑡
. (263) 

Taking both sides to the power 1/𝜈, 

 
𝑁

𝐾
= (1 + 𝐴𝑒−𝜈𝑟𝑡)−1/𝜈. (264) 

Thus, 

 𝑁(𝑡) = 𝐾(1 + 𝐴𝑒−𝜈𝑟𝑡)−1/𝜈. (265) 

Now impose the initial condition 

 𝑁(0) = 𝑁0. (266) 

Substituting 𝑡 = 0 into (265), 

 𝑁0 = 𝐾(1 + 𝐴)−1/𝜈. (267) 

Raise both sides to the power −𝜈: 

 (
𝑁0

𝐾
)
−𝜈

= 1 + 𝐴. (268) 

Since 

 (
𝑁0

𝐾
)
−𝜈

= (
𝐾

𝑁0
)
𝜈

, (269) 

we obtain 

 𝐴 = (
𝐾

𝑁0
)
𝜈

− 1. (270) 

Substituting (270) into (265), we arrive at the final explicit solution: 

 𝑁(𝑡) = 𝐾 [1 + ((
𝐾

𝑁0
)
𝜈

− 1)𝑒−𝜈𝑟𝑡]
−1/𝜈

. (271) 
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This is the standard Richards solution. It is more flexible than the logistic solution because the parameter 𝜈 changes the 

geometry of the sigmoidal curve. 

Special cases 

The Richards model contains other classical models as special cases: 

• if 𝜈 = 1, equation (220) becomes 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 (1 −

𝑁

𝐾
), (272) 

  which is exactly the Verhulst logistic model; 

• for suitable limiting procedures, the Gompertz model can be recovered from the Richards family [36], [37]; 

• if crowding effects are negligible, the model approaches Malthusian behavior in the early stage of growth. 

Application exercise 

Consider a tumor-cell population governed by the Richards equation 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 [1 − (

𝑁

𝐾
)
𝜈

], (273) 

with the following parameters: 

 𝐾 = 106 cells, (274) 

 𝑁(0) = 5 × 104 cells, (275) 

 𝑟 = 0.22 day
−1, (276) 

and 

 𝜈 = 2. (277) 

We wish to determine: 

1. The explicit solution 𝑁(𝑡); 
2. The predicted population at 𝑡 = 10, 20, and 30 days; 

3. The long-term behavior of the model; 

4. The graphical interpretation of the growth dynamics. 

Step 1: explicit formula. 

Using (271), 

 𝑁(𝑡) = 106 [1 + ((
106

5×104
)
2

− 1) 𝑒−2(0.22)𝑡]
−1/2

. (278) 

Compute the ratio: 

 
106

5×104
= 20. (279) 

Therefore, 

 202 = 400. (280) 

Hence, 

 202 − 1 = 399. (281) 
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Also, 

 2(0.22) = 0.44. (282) 

Thus, the explicit solution becomes 

 𝑁(𝑡) = 106(1 + 399𝑒−0.44𝑡)−1/2. (283) 

Step 2: prediction at t = 10 days. 

Substituting 𝑡 = 10 into (283), 

 𝑁(10) = 106(1 + 399𝑒−4.4)−1/2. (284) 

Since 

 𝑒−4.4 ≈ 0.012277, (285) 

we obtain 

 399𝑒−4.4 ≈ 399 × 0.012277 ≈ 4.898523. (286) 

Thus, 

 𝑁(10) = 106(1 + 4.898523)−1/2. (287) 

Therefore, 

 𝑁(10) = 106(5.898523)−1/2. (288) 

Since 

 √5.898523 ≈ 2.428687, (289) 

it follows that 

 𝑁(10) ≈
106

2.428687
≈ 4.117 × 105. (290) 

Step 3: prediction at t = 20 days. 

Now, 

 𝑁(20) = 106(1 + 399𝑒−8.8)−1/2. (291) 

Since 

 𝑒−8.8 ≈ 0.0001507, (292) 

we obtain 

 399𝑒−8.8 ≈ 399 × 0.0001507 ≈ 0.0601293. (293) 

Therefore, 

 𝑁(20) = 106(1.0601293)−1/2. (294) 
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Since 

 √1.0601293 ≈ 1.029626, (295) 

we have 

 𝑁(20) ≈
106

1.029626
≈ 9.712 × 105. (296) 

Step 4: prediction at t = 30 days. 

Similarly, 

 𝑁(30) = 106(1 + 399𝑒−13.2)−1/2. (297) 

Since 

 𝑒−13.2 ≈ 1.8506× 10−6, (298) 

it follows that 

 399𝑒−13.2 ≈ 399 × 1.8506× 10−6 ≈ 7.3839 × 10−4. (299) 

Thus, 

 𝑁(30) = 106(1 + 7.3839× 10−4)−1/2. (300) 

Hence, 

 𝑁(30) ≈ 9.996 × 105. (301) 

Step 5: long-term behavior. 

Consider the limit of (283) as 𝑡 → ∞: 

 lim
𝑡→∞

𝑁(𝑡) = lim
𝑡→∞

106(1 + 399𝑒−0.44𝑡)−1/2. (302) 

Since 

 lim
𝑡→∞

𝑒−0.44𝑡 = 0, (303) 

we obtain 

 lim
𝑡→∞

𝑁(𝑡) = 106(1 + 0)−1/2 = 106. (304) 

Therefore, the population approaches the carrying capacity 𝐾 = 106. 
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Graphical representation 

Figure 10 displays the Richards growth curve for the chosen parameters. 

 

Tumor growth predicted by the Richards model with \(\nu=2\). 

This example shows the main advantage of the Richards model over the Malthus, Verhulst, and Gompertz models: the 

presence of the parameter 𝜈, which controls the shape of the sigmoidal curve and therefore allows greater flexibility in 

fitting biological data. In the present case, the choice 𝜈 = 2 produces a curve that approaches the carrying capacity more 

abruptly than the standard logistic model. 

From a mathematical perspective, the Richards model is valuable because it unifies several classical growth laws 
within a single family of equations. From an applied perspective, it is highly relevant in health-related growth 
modeling, especially when empirical data exhibit asymmetric behavior that cannot be described satisfactorily by 
the logistic model alone. In oncology and other biomedical applications, this flexibility may improve the 
qualitative and quantitative interpretation of growth dynamics [34], [36], [33]. Therefore, the Richards model 
occupies an important place in ordinary differential equation modeling as a bridge between simple classical laws 
and more adaptable nonlinear formulations. 
 

The Von Bertalanffy Model 
Ludwig von Bertalanffy (1901–1972) was an Austrian biologist and one of the major figures in theoretical biology and 

general systems theory. He studied at the University of Vienna and became widely known for proposing mathematical 

laws of organic growth based on metabolic balance principles rather than purely empirical assumptions [30], [31]. In 

contrast to the Malthus, Verhulst, and Gompertz models, the von Bertalanffy model is particularly relevant because it is 

grounded on a biological interpretation of anabolic and catabolic processes. For this reason, it has been extensively used 

in biological growth, physiology, fisheries science, and, in adapted form, in health-related growth problems such as 

tumor development and tissue dynamics [31], [32], [33]. 
 

Biological assumption and mathematical construction 
Let 𝑁(𝑡) denote the size of a biological system at time 𝑡. The key idea of the von Bertalanffy model is that growth results 

from the balance between: 

• anabolism, which contributes positively to growth; 

• catabolism, which contributes negatively to growth. 

Assume that anabolic production is proportional to 𝑁2/3, reflecting the idea that assimilation depends on surface-related 

processes, while catabolic loss is proportional to 𝑁, reflecting maintenance costs proportional to mass. Thus, the net rate 

of change is 

 
𝑑𝑁

𝑑𝑡
= 𝑎𝑁2/3 − 𝑏𝑁, (305) 
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where 𝑎 > 0 and 𝑏 > 0. 

Equation (305) is the classical von Bertalanffy growth equation. The first term, 

 𝑎𝑁2/3, (306) 

represents anabolic gain, whereas the second term, 

 𝑏𝑁, (307) 

represents metabolic loss. 

To understand the equilibrium size, set 

 
𝑑𝑁

𝑑𝑡
= 0. (308) 

Then 

 𝑎𝑁2/3 − 𝑏𝑁 = 0. (309) 

Factor 𝑁2/3: 

 𝑁2/3(𝑎 − 𝑏𝑁1/3) = 0. (310) 

Hence, 

 𝑎 − 𝑏𝑁1/3 = 0, (311) 

so 

 𝑁1/3 =
𝑎

𝑏
. (312) 

Cubing both sides, 

 𝑁 = (
𝑎

𝑏
)
3

. (313) 

Define the asymptotic size 

 𝐾 = (
𝑎

𝑏
)
3

. (314) 

Then 

 𝐾1/3 =
𝑎

𝑏
, (315) 

which implies 

 𝑎 = 𝑏𝐾1/3. (316) 

Substituting (316) into (305), we obtain 

 
𝑑𝑁

𝑑𝑡
= 𝑏𝐾1/3𝑁2/3 − 𝑏𝑁. (317) 

Factor 𝑏𝑁2/3: 

 
𝑑𝑁

𝑑𝑡
= 𝑏𝑁2/3(𝐾1/3 −𝑁1/3). (318) 
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Equation (318) shows explicitly that growth depends on the difference between the asymptotic linear scale 𝐾1/3 and the 

current linear scale 𝑁1/3. 

Analytical solution 

To solve (305), introduce the substitution 

 𝑢 = 𝑁1/3. (319) 

Then 

 𝑁 = 𝑢3 (320) 

and therefore 

 
𝑑𝑁

𝑑𝑡
= 3𝑢2

𝑑𝑢

𝑑𝑡
. (321) 

Also, 

 𝑁2/3 = 𝑢2. (322) 

Substitute (320)–(322) into (305): 

 3𝑢2
𝑑𝑢

𝑑𝑡
= 𝑎𝑢2 − 𝑏𝑢3. (323) 

Factor 𝑢2 on the right-hand side: 

 3𝑢2
𝑑𝑢

𝑑𝑡
= 𝑢2(𝑎 − 𝑏𝑢). (324) 

Assuming 𝑢 ≠ 0, divide both sides by 𝑢2: 

 3
𝑑𝑢

𝑑𝑡
= 𝑎 − 𝑏𝑢. (325) 

Hence, 

 
𝑑𝑢

𝑑𝑡
+

𝑏

3
𝑢 =

𝑎

3
. (326) 

This is a first-order linear ODE. The integrating factor is 

 𝜇(𝑡) = 𝑒∫
𝑏

3
𝑑𝑡 = 𝑒

𝑏

3
𝑡. (327) 

Multiplying (326) by 𝜇(𝑡): 

 𝑒
𝑏

3
𝑡 𝑑𝑢

𝑑𝑡
+

𝑏

3
𝑒
𝑏

3
𝑡𝑢 =

𝑎

3
𝑒
𝑏

3
𝑡 . (328) 

The left-hand side is 

 
𝑑

𝑑𝑡
(𝑒

𝑏

3
𝑡𝑢) =

𝑎

3
𝑒
𝑏

3
𝑡. (329) 

Integrating, 

 𝑒
𝑏

3
𝑡𝑢 =

𝑎

3
∫ 𝑒

𝑏

3
𝑡𝑑𝑡 + 𝐶. (330) 
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Since 

 ∫ 𝑒
𝑏

3
𝑡𝑑𝑡 =

3

𝑏
𝑒
𝑏

3
𝑡, (331) 

we obtain 

 𝑒
𝑏

3
𝑡𝑢 =

𝑎

3
⋅
3

𝑏
𝑒
𝑏

3
𝑡 + 𝐶 =

𝑎

𝑏
𝑒
𝑏

3
𝑡 + 𝐶. (332) 

Dividing by 𝑒
𝑏

3
𝑡
, 

 𝑢 =
𝑎

𝑏
+ 𝐶𝑒−

𝑏

3
𝑡. (333) 

Since 𝑢 = 𝑁1/3, 

 𝑁1/3 =
𝑎

𝑏
+ 𝐶𝑒−

𝑏

3
𝑡. (334) 

Using the initial condition 

 𝑁(0) = 𝑁0, (335) 

we get 

 𝑁0
1/3

=
𝑎

𝑏
+ 𝐶. (336) 

Thus, 

 𝐶 = 𝑁0
1/3

−
𝑎

𝑏
. (337) 

Substituting into (334), 

 𝑁1/3(𝑡) =
𝑎

𝑏
+ (𝑁0

1/3
−

𝑎

𝑏
) 𝑒−

𝑏

3
𝑡. (338) 

Finally, cubing both sides, 

 𝑁(𝑡) = [
𝑎

𝑏
+ (𝑁0

1/3
−

𝑎

𝑏
) 𝑒−

𝑏

3
𝑡]
3

. (339) 

Using 
𝑎

𝑏
= 𝐾1/3, the standard form is 

 𝑁(𝑡) = [𝐾1/3 + (𝑁0
1/3

−𝐾1/3)𝑒−
𝑏

3
𝑡]
3

. (340) 

Application exercise 

Consider a biological population governed by the von Bertalanffy model with 

 𝑎 = 12,  𝑏 = 1.2,  𝑁(0) = 64. (341) 

We want to determine: 

1. The asymptotic size 𝐾; 

2. The explicit solution 𝑁(𝑡); 
3. The values of 𝑁(10), 𝑁(20), and 𝑁(30); 
4. The graph of the solution and its interpretation. 
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First, compute the equilibrium size: 

 𝐾 = (
𝑎

𝑏
)
3

= (
12

1.2
)
3

= 103 = 1000. (342) 

Also, 

 𝑁0
1/3

= 641/3 = 4  and  𝐾1/3 = 10001/3 = 10. (343) 

Using (340), 

 𝑁(𝑡) = [10 + (4 − 10)𝑒−0.4𝑡]3. (344) 

Thus, 

 𝑁(𝑡) = (10 − 6𝑒−0.4𝑡)3. (345) 

Now evaluate the solution: 

For 𝑡 = 10, 

 𝑁(10) = (10 − 6𝑒−4)3. (346) 

Since 𝑒−4 ≈ 0.018315, 

 𝑁(10) ≈ (10 − 6 ⋅ 0.018315)3 = (10 − 0.10989)3 = (9.89011)3 ≈ 967.38. (347) 

For 𝑡 = 20, 

 𝑁(20) = (10 − 6𝑒−8)3. (348) 

Since 𝑒−8 ≈ 0.000335, 

 𝑁(20) ≈ (10 − 6 ⋅ 0.000335)3 = (10 − 0.00201)3 = (9.99799)3 ≈ 999.40. (349) 

For 𝑡 = 30, 

 𝑁(30) = (10 − 6𝑒−12)3. (350) 

Since 𝑒−12 ≈ 6.144 × 10−6, 

 𝑁(30) ≈ (10 − 6(6.144 × 10−6))
3
= (9.999963)3 ≈ 999.99. (351) 
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Graphical representation. 

 

Growth predicted by the von Bertalanffy model. 

Discussion of the exercise. 
The previous example shows that the von Bertalanffy model predicts a rapid initial increase followed by progressive 

stabilization near the asymptotic size 𝐾 = 1000. Unlike purely empirical laws, this model is derived from a biologically 

meaningful balance between anabolic gain and catabolic loss. This makes it particularly attractive in applications where 

metabolic interpretation is relevant. In health-related growth modeling, the model is useful because it introduces a 

mechanistic perspective that goes beyond simple curve fitting, while still remaining analytically tractable [31], [32], [33]. 

 

The Chapman–Richards Model 
The Chapman–Richards model is a generalized sigmoidal growth law associated with the work of F. J. Richards and 

subsequent developments by Chapman and other authors in applied growth analysis. It is often presented as a flexible 

extension of the von Bertalanffy and Richards families, allowing a broader range of asymmetric growth curves [34], [35], 

[36]. Because of this flexibility, the Chapman–Richards model has been used in several biological growth problems and 

can also be adapted to health-related growth processes when empirical data require more adjustable sigmoidal structures 

[36], [37]. 

Mathematical construction 

A convenient form of the Chapman–Richards differential equation is 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 [(

𝐾

𝑁
)
𝑚

− 1], (352) 

where: 

• 𝑟 > 0 is a growth parameter; 

• 𝐾 > 0 is the asymptotic size; 

• 𝑚 > 0 is a shape parameter. 

We now simplify the right-hand side. First, distribute 𝑁: 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝑁 (

𝐾

𝑁
)
𝑚

− 𝑟𝑁. (353) 

Using 

 (
𝐾

𝑁
)
𝑚

=
𝐾𝑚

𝑁𝑚, (354) 
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we obtain 

 𝑁 (
𝐾

𝑁
)
𝑚

= 𝑁
𝐾𝑚

𝑁𝑚 = 𝐾𝑚𝑁1−𝑚 . (355) 

Substituting (355) into (353), 

 
𝑑𝑁

𝑑𝑡
= 𝑟𝐾𝑚𝑁1−𝑚 − 𝑟𝑁. (356) 

This form makes clear that the Chapman–Richards model combines a nonlinear production term with a linear loss term. 

It is closely related to the Bertalanffy structure and may be viewed as a broader parametric family. 

Analytical solution 

We solve (352) by introducing the transformation 

 𝑢 = 𝑁𝑚 . (357) 

Differentiate both sides: 

 
𝑑𝑢

𝑑𝑡
= 𝑚𝑁𝑚−1 𝑑𝑁

𝑑𝑡
. (358) 

Now use (356): 

 
𝑑𝑢

𝑑𝑡
= 𝑚𝑁𝑚−1(𝑟𝐾𝑚𝑁1−𝑚 − 𝑟𝑁). (359) 

Distribute 𝑚𝑁𝑚−1: 

 
𝑑𝑢

𝑑𝑡
= 𝑚𝑟𝐾𝑚𝑁𝑚−1𝑁1−𝑚 −𝑚𝑟𝑁𝑚−1𝑁. (360) 

Using 𝑁𝑚−1𝑁1−𝑚 = 𝑁0 = 1 and 𝑁𝑚−1𝑁 = 𝑁𝑚, we obtain 

 
𝑑𝑢

𝑑𝑡
= 𝑚𝑟𝐾𝑚 −𝑚𝑟𝑁𝑚 . (361) 

Since 𝑢 = 𝑁𝑚, 

 
𝑑𝑢

𝑑𝑡
= 𝑚𝑟𝐾𝑚 −𝑚𝑟𝑢. (362) 

Rearranging, 

 
𝑑𝑢

𝑑𝑡
+𝑚𝑟𝑢 = 𝑚𝑟𝐾𝑚 . (363) 

This is a linear ODE. The integrating factor is 

 𝜇(𝑡) = 𝑒∫𝑚𝑟 𝑑𝑡 = 𝑒𝑚𝑟𝑡. (364) 

Multiply (363) by 𝑒𝑚𝑟𝑡: 

 𝑒𝑚𝑟𝑡 𝑑𝑢

𝑑𝑡
+𝑚𝑟𝑒𝑚𝑟𝑡𝑢 = 𝑚𝑟𝐾𝑚𝑒𝑚𝑟𝑡. (365) 

Thus, 



Global J Res Eng Comput Sci. 2026; 6(2), 164-209 

        @ 2026 | PUBLISHED BY GJR PUBLICATION, INDIA  

 

205 

 
𝑑

𝑑𝑡
(𝑒𝑚𝑟𝑡𝑢) = 𝑚𝑟𝐾𝑚𝑒𝑚𝑟𝑡. (366) 

Integrating, 

 𝑒𝑚𝑟𝑡𝑢 = 𝑚𝑟𝐾𝑚∫ 𝑒𝑚𝑟𝑡𝑑𝑡 + 𝐶. (367) 

Since 

 ∫ 𝑒𝑚𝑟𝑡𝑑𝑡 =
1

𝑚𝑟
𝑒𝑚𝑟𝑡, (368) 

it follows that 

 𝑒𝑚𝑟𝑡𝑢 = 𝑚𝑟𝐾𝑚 ⋅
1

𝑚𝑟
𝑒𝑚𝑟𝑡 + 𝐶 = 𝐾𝑚𝑒𝑚𝑟𝑡 + 𝐶. (369) 

Dividing by 𝑒𝑚𝑟𝑡, 

 𝑢 = 𝐾𝑚 + 𝐶𝑒−𝑚𝑟𝑡. (370) 

Since 𝑢 = 𝑁𝑚, 

 𝑁𝑚 = 𝐾𝑚 + 𝐶𝑒−𝑚𝑟𝑡. (371) 

Now impose the initial condition 

 𝑁(0) = 𝑁0. (372) 

Substituting 𝑡 = 0 into (371), 

 𝑁0
𝑚 = 𝐾𝑚 + 𝐶. (373) 

Hence, 

 𝐶 = 𝑁0
𝑚 −𝐾𝑚 . (374) 

Substituting into (371), 

 𝑁𝑚(𝑡) = 𝐾𝑚 + (𝑁0
𝑚 − 𝐾𝑚)𝑒−𝑚𝑟𝑡. (375) 

Finally, raising both sides to the power 1/𝑚, 

 𝑁(𝑡) = [𝐾𝑚 + (𝑁0
𝑚 − 𝐾𝑚)𝑒−𝑚𝑟𝑡]1/𝑚 . (376) 

This is the explicit Chapman–Richards solution in the adopted parametrization. 

Connection with von Bertalanffy 

A particularly interesting case occurs when 

 𝑚 =
1

3
. (377) 

Then (376) becomes 
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 𝑁(𝑡) = [𝐾1/3 + (𝑁0
1/3

− 𝐾1/3)𝑒−
𝑟

3
𝑡]
3

, (378) 

which has exactly the same structural form as the von Bertalanffy solution. Therefore, the von Bertalanffy model may be 

interpreted as a particular case of the Chapman–Richards family [35], [36]. 

Application exercise 
Consider the Chapman–Richards model with parameters 

 𝐾 = 1000,  𝑁(0) = 64,  𝑟 = 1.2,  𝑚 =
1

3
. (379) 

Using (376), 

 𝑁(𝑡) = [10001/3 + (641/3 − 10001/3)𝑒−0.4𝑡]
3
. (380) 

Since 

 10001/3 = 10  and  641/3 = 4, (381) 

we obtain 

 𝑁(𝑡) = [10 + (4 − 10)𝑒−0.4𝑡]3. (382) 

Thus, 

 𝑁(𝑡) = (10 − 6𝑒−0.4𝑡)3. (383) 

Therefore, the numerical predictions are the same as in the previous example: 

 𝑁(10) ≈ 967.38, (384) 

 𝑁(20) ≈ 999.40, (385) 

and 

 𝑁(30) ≈ 999.99. (386) 

Graphical representation. 

 

Growth predicted by the Chapman—Richards model for \(m=\tfrac{1 
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This example is important because it illustrates the structural relationship between the Chapman–Richards and von 

Bertalanffy models. The Chapman–Richards family is more general and allows different growth geometries through the 

parameter 𝑚. When 𝑚 = 1 3⁄ , the model reproduces the same functional form as the von Bertalanffy law, showing that 

the latter can be understood as a special case of a broader sigmoidal framework. From a modeling perspective, this is 

highly valuable because it allows the researcher to move from a biologically motivated specific law to a more flexible 

family capable of adapting to different empirical growth patterns [35], [36], [37]. 

 

Conclusion 
This study is relevant to the current literature because it addresses two complementary dimensions that are rarely 

developed together in a single work: the mathematical formalism underlying classical ordinary differential equation 

models and their practical applications in health-related contexts. In most published studies, the emphasis is placed 

primarily on application, simulation, parameter estimation, or data fitting, while the derivation of the models themselves 

is often omitted or only briefly mentioned. As a result, many readers are introduced to important models in their final 

form, without a clear understanding of the mathematical reasoning, assumptions, and intermediate steps that give rise to 

them. 

 

In this sense, the present article offers a valuable contribution by revisiting the main classical models used in the 

international and national literature and by explicitly showing how these models are constructed. Rather than presenting 

the equations as ready-made formulas, the study develops them step by step, allowing the reader to understand where 

each term comes from and how the final mathematical structure is obtained. This approach is particularly important 

because a proper understanding of model derivation strengthens interpretation, improves critical use, and prevents purely 

mechanical application of mathematical formulations. 

 

Another relevant contribution of this research lies in the bibliographic survey carried out in major scientific databases. 

The survey showed that there is a large number of publications involving ordinary differential equations in health-related 

research. However, it also made clear that most of these studies are predominantly application-oriented and do not focus 

on mathematical deduction or formal derivation. This observation reinforces the importance of the present work, since it 

fills an important gap by combining state-of-the-art applications with explicit analytical development. 

From a methodological point of view, the use of Wolfram Mathematica proved essential for the symbolic expansion of 

equations and for the clear organization of the algebraic steps involved in the derivations. This resource made it possible 

to present the mathematical formalism in a more transparent and accessible way. In addition, Python and MATLAB were 

employed as complementary computational tools for numerical treatment and graphical representation, allowing the 

models to be illustrated through applied examples, numerical values, and visual interpretation of the corresponding 

dynamics. 

 

Therefore, this research is of considerable importance not only for health applications, but also for broader fields such as 

bioengineering, biomathematics, applied mathematics, mathematical physics, and biophysics. By connecting formal 

derivation with practical application, the article contributes to a deeper and more rigorous understanding of ordinary 

differential equation models and offers readers a structured basis for both theoretical study and interdisciplinary 

application. 
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