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Introduction 

Delay differential equations (DDEs) are differential equations in which the rate of change of the unknown function at 

time 𝑡 depends not only on the present state, but also on one or more past states such as 𝑥(𝑡 − 𝜏). Although there is no 

single isolated founder of the subject, the modern development of delay equations is strongly associated with the work of 

Vito Volterra in Italy at the end of the nineteenth and beginning of the twentieth centuries; Volterra studied at the 

University of Pisa and helped establish the analytical foundations of hereditary and functional equations, which later 

evolved into the modern theory of delay differential equations [1], [2], [3]. Since then, DDEs have become essential 

whenever memory, latency, incubation, maturation, transport delay, or reaction lag must be incorporated into 

mathematical models [3], [4]. 

 

At present, delay differential equations are widely used in epidemiology, immunology, physiology, glucose–insulin 

regulation, blood flow, and other health-related systems in which the present dynamics depend explicitly on past events 

[5], [6], [7]. However, the literature is still largely application-oriented: most articles, theses, and dissertations focus on 

simulation, stability, numerical implementation, or biological interpretation, while the formal derivation of the models is 

often omitted or only briefly stated. For this reason, the present work adopts a state-of-the-art perspective centered on the 

mathematical origin of the main delayed models, showing how they arise from biological assumptions and balance 

relations, while also presenting illustrative applications in health. The exploratory bibliographic screening carried out in 

PubMed, ScienceDirect, SciELO, and SpringerLink is summarized in the figures below. 

 

The following figures summarize an exploratory bibliographic screening for the period 2020–2025 in PubMed, 

ScienceDirect, SpringerLink, and SciELO. The purpose of this survey was not to produce an exhaustive bibliometric 

study, but rather to estimate the approximate volume of health-related publications involving delay differential equations 

and to identify their dominant application areas. In the screened literature, the prevailing tendency was strongly 

application-driven, whereas detailed mathematical derivations of the delayed models were rarely presented in a 

systematic way. 

Abstract 
Delay differential equations are widely used in health-related modeling because many biological and medical 

processes depend not only on the present state, but also on past states. However, most studies in the literature 

emphasize applications, simulations, and stability analysis, while giving little attention to the formal mathematical 

derivation of the models. In this context, the present work proposed a structured approach centered on the explicit 

construction of classical delayed models used in health. The Hutchinson, Mackey–Glass, Lasota–Ważewska, 

Goodwin, and delayed SEIRS models were revisited from both analytical and applied perspectives. Their 

derivations were presented step by step, followed by illustrative applications and graphical interpretations. The 

results reinforce the relevance of delay equations in physiology, hematology, epidemiology, and biomedical 

regulation. The study is important because it connects mathematical formalism, biological interpretation, and 

health applications in a unified framework. 
 

Keywords: delay differential equations; mathematical modeling; health applications; biomathematics; 

mathematical physiology. 
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Approximate number of health-related studies involving delay differential equations retrieved in the exploratory 

screening for 2020–2025. 
 

 
 

Approximate thematic distribution of DDE-based health studies indexed in PubMed (2020–2025). 

 

In the exploratory PubMed screening, delayed models appeared predominantly in epidemiology and infectious diseases, 

followed by physiology, medicine, and immunology-related applications. This pattern is consistent with the strong 

biomedical orientation of the database and the widespread use of delays to represent incubation periods, immune 

response lags, and physiological feedback mechanisms. 

 

 
Approximate thematic distribution of DDE-based health studies indexed in ScienceDirect (2020–2025). 

 

In ScienceDirect, the exploratory distribution suggests a strong concentration in epidemiology, with relevant 

participation of physiology, medicine, and bioengineering-related applications. This indicates that delay equations are 
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frequently used in interdisciplinary settings where transport lags, feedback delays, and biological memory effects are 

central. 
 

 
 

Approximate thematic distribution of DDE-based health studies indexed in SpringerLink (2020–2025). 

 

The exploratory SpringerLink screening shows a more balanced distribution, with particularly strong representation in 

epidemiology and bioengineering-related applications. This is compatible with the visibility of delayed models in 

systems biology, biomedical engineering, neural dynamics, and computational life-science modeling. 

 

 
Approximate thematic distribution of DDE-based health studies indexed in SciELO (2020–2025). 

 

In SciELO, the retrieved volume was smaller, with stronger concentration in epidemiology and physiology-oriented 

applications. Even within this reduced corpus, the dominant tendency remained application-focused, with relatively little 

emphasis on detailed mathematical derivation of delayed models. 

 

Objective 
The main objective of this study is to analyze classical delay differential equation models applied to health-related 

systems, with emphasis on both their mathematical derivation and their practical interpretation. More specifically, the 

article seeks to revisit the main delayed formulations found in the literature and to present them in a more explicit and 

structured way, showing how these models arise from biological assumptions, temporal lags, and balance relations. 

Unlike many application-oriented studies, this work aims to make the formal analytical construction of the equations 

more accessible to the reader. In addition, the study intends to relate the mathematical formalism to health-related 

applications, especially in epidemiology, immunology, physiology, and biomedical systems with memory effects. 

Another objective is to organize the state of the art on delay equation applications in health, identifying recurrent models 

and their main contexts of use. Thus, the article combines formal derivation, theoretical interpretation, and illustrative 

applications within a unified analytical framework. 
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Justification 

The justification for this study lies in the fact that delay differential equations occupy an important role in contemporary 

mathematical modeling, especially in problems involving incubation periods, immune response lags, maturation times, 

transport delays, and physiological memory effects in health-related systems. Although there is a significant number of 

publications involving DDE-based applications in the scientific literature, most studies are predominantly focused on 

simulation, numerical implementation, stability analysis, or applied interpretation, with little emphasis on mathematical 

derivation and formal analytical development. As a consequence, many readers have access only to the final form of the 

equations, without a clear understanding of how these delayed models are constructed or why past states appear explicitly 

in a given formulation. This represents an important gap in the literature. In this sense, the present work is justified by the 

need to provide a more rigorous and didactic treatment of classical DDE models, combining the mathematical formalism 

behind their derivation with their practical use in health applications. Such an approach is relevant not only for 

mathematical comprehension, but also for the correct interpretation, adaptation, and critical use of delayed models in 

interdisciplinary research. 

 

Methodology 
The methodological structure adopted in this study is summarized in Table tab: methodology_dde. The research is 

bibliographic, descriptive, and analytical, with emphasis on the formal derivation of classical delay differential equation 

models and their application to health-related problems. 
 

 
 

Results and discussion 
The Hutchinson Model 

George Evelyn Hutchinson (1903–1991) was an English-born American zoologist and ecologist, born in Cambridge, 

England. He was educated at Gresham’s School and at the University of Cambridge, later joining Yale University, where 

he became one of the leading figures in modern theoretical ecology [8], [9]. In 1948, Hutchinson introduced a delayed 

version of the logistic model in order to incorporate the biological fact that reproduction does not respond 

instantaneously to the present population size, but rather to a past state associated with maturation, gestation, or 

developmental lag [10], [11]. Although originally proposed in ecology, this delayed logistic equation is highly relevant to 

health-related systems, since many biomedical processes also involve temporal delay, including cell proliferation, tissue 

regeneration, tumor growth, hematopoiesis, and physiological feedback regulation [11], [12]. 
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Formal derivation of the model 

We begin with the classical Malthus model 
 

𝑑𝑥

𝑑𝑡
= 𝑟𝑥(𝑡), (1) 

where 𝑥(𝑡) is the population size at time 𝑡 and 𝑟 > 0 is the intrinsic growth rate. 

The Malthus model assumes unlimited growth. To include environmental limitation, Verhulst introduced the logistic 

correction: 

𝑑𝑥

𝑑𝑡
= 𝑟𝑥(𝑡) (1 −

𝑥(𝑡)

𝐾
), (2) 

where 𝐾 > 0 is the carrying capacity. 

Expanding (2), 

𝑑𝑥

𝑑𝑡
= 𝑟𝑥(𝑡) −

𝑟

𝐾
𝑥2(𝑡). (3) 

 

The key idea of Hutchinson is that the inhibitory effect of crowding is not determined by the current population 𝑥(𝑡), but 

by a past population 𝑥(𝑡 − 𝜏), where 𝜏 > 0 is a fixed delay. Biologically, this means that reproduction at time 𝑡  is 

influenced by individuals that were present at time 𝑡 − 𝜏, not necessarily by the current population. Thus, the crowding 

term becomes delayed: 
 

𝑑𝑥

𝑑𝑡
= 𝑟𝑥(𝑡) (1 −

𝑥(𝑡 − 𝜏)

𝐾
). (4) 

Expanding (4) term by term, 

 

𝑑𝑥

𝑑𝑡
= 𝑟𝑥(𝑡) − 𝑟𝑥(𝑡)

𝑥(𝑡 − 𝜏)

𝐾
, (5) 

so that 

𝑑𝑥

𝑑𝑡
= 𝑟𝑥(𝑡) −

𝑟

𝐾
𝑥(𝑡)𝑥(𝑡 − 𝜏). (6) 

 

Equation (4), or equivalently (6), is the classical Hutchinson delayed logistic equation: 
 

𝑑𝑥

𝑑𝑡
= 𝑟𝑥(𝑡) (1 −

𝑥(𝑡 − 𝜏)

𝐾
)  (7) 

 

Interpretation of the terms 

In (7), 

• 𝑥(𝑡) denotes the current population or cell density; 

• 𝑟 > 0 is the intrinsic growth rate; 

• 𝐾 > 0 is the carrying capacity; 

• 𝜏 > 0 is the delay, representing maturation time, gestation period, or biological response lag. 

 

The model differs from the logistic ODE because the regulation term depends on 𝑥(𝑡 − 𝜏) rather than on 𝑥(𝑡). This 

single modification is sufficient to produce much richer dynamics, including oscillations and instability for sufficiently 

large delay. 

 

Equilibrium points 

The equilibrium solutions satisfy 

𝑑𝑥

𝑑𝑡
= 0. (8) 

At equilibrium, we assume 𝑥(𝑡) = 𝑥(𝑡 − 𝜏) = 𝑥∗. Substituting into (7), 
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0 = 𝑟𝑥∗ (1 −
𝑥∗

𝐾
). (9) 

Hence, 

𝑥∗ = 0  or  1−
𝑥∗

𝐾
= 0. (10) 

From the second condition, 

𝑥∗

𝐾
= 1, (11) 

Thus 

𝑥∗ = 𝐾. (12) 

Therefore, the two equilibria are 

𝑥1
∗ = 0,  𝑥2

∗ = 𝐾. (13) 

 

A local analytical approximation around equilibrium 
Because delayed nonlinear equations usually do not admit a simple closed-form exact solution, we construct a local 

approximation around the positive equilibrium 𝑥∗ = 𝐾. Let 

𝑥(𝑡) = 𝐾 + 𝑦(𝑡), (14) 

where 𝑦(𝑡) is a small perturbation. 

Then 

𝑥(𝑡 − 𝜏) = 𝐾 + 𝑦(𝑡 − 𝜏). (15) 
 

Substitute (14) and (15) into (7): 

𝑑

𝑑𝑡
[𝐾 + 𝑦(𝑡)] = 𝑟[𝐾 + 𝑦(𝑡)] (1 −

𝐾 + 𝑦(𝑡 − 𝜏)

𝐾
). (16) 

Since 
𝑑

𝑑𝑡
𝐾 = 0, this becomes 

𝑑𝑦

𝑑𝑡
= 𝑟[𝐾 + 𝑦(𝑡)] (1 −

𝐾

𝐾
−
𝑦(𝑡 − 𝜏)

𝐾
). (17) 

Now simplify the terms inside the parentheses: 

1 −
𝐾

𝐾
−
𝑦(𝑡 − 𝜏)

𝐾
= 1 − 1 −

𝑦(𝑡 − 𝜏)

𝐾
= −

𝑦(𝑡 − 𝜏)

𝐾
. (18) 

Thus, 

𝑑𝑦

𝑑𝑡
= 𝑟[𝐾 + 𝑦(𝑡)] (−

𝑦(𝑡 − 𝜏)

𝐾
). (19) 

Distributing, 

𝑑𝑦

𝑑𝑡
= −

𝑟𝐾

𝐾
𝑦(𝑡 − 𝜏) −

𝑟

𝐾
𝑦(𝑡)𝑦(𝑡 − 𝜏). (20) 

Hence, 

𝑑𝑦

𝑑𝑡
= −𝑟 𝑦(𝑡 − 𝜏) −

𝑟

𝐾
𝑦(𝑡)𝑦(𝑡 − 𝜏). (21) 

If 𝑦(𝑡) is small, then the product term 

𝑟

𝐾
𝑦(𝑡)𝑦(𝑡 − 𝜏) (22) 
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is of second order and may be neglected. Therefore, the linearized equation is 

𝑑𝑦

𝑑𝑡
= −𝑟 𝑦(𝑡 − 𝜏)  (23) 

We now seek exponential solutions of the form 

𝑦(𝑡) = 𝐶𝑒𝜆𝑡, (24) 

where 𝐶 ≠ 0 and 𝜆 ∈ ℂ. 

Then 

𝑑𝑦

𝑑𝑡
= 𝜆𝐶𝑒𝜆𝑡 , (25) 

And 

𝑦(𝑡 − 𝜏) = 𝐶𝑒𝜆(𝑡−𝜏) = 𝐶𝑒𝜆𝑡𝑒−𝜆𝜏. (26) 
 

Substituting (25) and (26) into (23), 

𝜆𝐶𝑒𝜆𝑡 = −𝑟𝐶𝑒𝜆𝑡𝑒−𝜆𝜏. (27) 

Divide both sides by 𝐶𝑒𝜆𝑡: 

𝜆 = −𝑟𝑒−𝜆𝜏. (28) 

Thus, the characteristic equation is 

𝜆 + 𝑟𝑒−𝜆𝜏 = 0  (29) 

Equation (29) is fundamental because it shows how the delay changes the local stability of the equilibrium 𝑥∗ = 𝐾. 

Importance of the model 
The Hutchinson model is important because it is one of the simplest nonlinear delay differential equations capable of 

describing memory effects in population-type dynamics. In medical and biological applications, the delay term naturally 

represents maturation time, reproductive lag, delayed treatment response, or feedback latency. For this reason, the 

equation is relevant not only in ecology, but also in cell biology, physiology, and health-related growth processes where 

the present rate of change depends explicitly on the past state of the system [11], [12]. 

 

Application exercise 
Consider a simplified cell-population model governed by the Hutchinson equation 
 

𝑑𝑥

𝑑𝑡
= 𝑟𝑥(𝑡) (1 −

𝑥(𝑡 − 𝜏)

𝐾
), (30) 

with parameters 

𝑟 = 0.4 day
−1,  𝐾 = 100,  𝜏 = 2 days. (31) 

 

Assume that the initial history is constant: 
 

𝑥(𝑡) = 60,  −2 ≤ 𝑡 ≤ 0. (32) 
 

We now approximate the solution on the first interval 0 ≤ 𝑡 ≤ 2. Since 𝑡 − 𝜏 ∈ [−2,0], we have 
 

𝑥(𝑡 − 𝜏) = 60  for 0 ≤ 𝑡 ≤ 2. (33) 
 

Substituting (33) into (30), 
 

𝑑𝑥

𝑑𝑡
= 0.4 𝑥(𝑡) (1 −

60

100
). (34) 

Compute the bracket: 

1 −
60

100
= 1 − 0.6 = 0.4. (35) 
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Thus, 
 

𝑑𝑥

𝑑𝑡
= 0.4𝑥(𝑡) ⋅ 0.4 = 0.16𝑥(𝑡). (36) 

 

This is now an ordinary differential equation: 
 

𝑑𝑥

𝑑𝑡
= 0.16𝑥(𝑡),  𝑥(0) = 60. (37) 

Separate variables: 
 

𝑑𝑥

𝑥
= 0.16 𝑑𝑡. (38) 

Integrating both sides, 

∫
𝑑𝑥

𝑥
= ∫ 0.16 𝑑𝑡. (39) 

Hence, 

ln|𝑥| = 0.16𝑡 + 𝐶. (40) 

Exponentiating, 

𝑥(𝑡) = 𝐶1𝑒
0.16𝑡. (41) 

Using 𝑥(0) = 60, 

60 = 𝐶1𝑒
0 = 𝐶1. (42) 

Therefore, 

𝑥(𝑡) = 60𝑒0.16𝑡,  0 ≤ 𝑡 ≤ 2. (43) 
 

Now evaluate the solution: 
 

For 𝑡 = 0, 

𝑥(0) = 60. (44) 
 

For 𝑡 = 1, 
 

𝑥(1) = 60𝑒0.16. (45) 
 

Since 
 

𝑒0.16 ≈ 1.17351, (46) 
 

we obtain 
 

𝑥(1) ≈ 70.41. (47) 

For 𝑡 = 2, 
 

𝑥(2) = 60𝑒0.32. (48) 

Since 

𝑒0.32 ≈ 1.37713, (49) 
 

it follows that 

𝑥(2) ≈ 82.63. (50) 

 

Thus, during the first delay interval, the cell population grows because the delayed inhibitory signal still reflects the 

lower past value 60, not the current increasing population. 
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Graphical representation 
 

 
Approximate solution of the Hutchinson model on the first delay interval 0 ≤ t ≤ 2. 

 

This application shows clearly why delay matters in biological and medical systems. The population does not respond to 

its current size, but to a past state, which creates a temporal mismatch between growth and regulation. In health-related 

contexts, this feature is essential when modeling cell proliferation, maturation, physiological control, and delayed 

feedback processes. From the mathematical point of view, the Hutchinson equation is particularly important because it is 

one of the simplest nonlinear delayed models capable of producing richer dynamics than the classical logistic equation, 

while still remaining analytically interpretable. 

 

The Mackey–Glass Model 
Michael C. Mackey is a Canadian mathematical physiologist affiliated with McGill University, with doctoral training in 

physiology and biophysics from the University of Washington, while Leon Glass is a physiologist and mathematical 

biologist also associated with McGill University whose work connects nonlinear dynamics and biomedical systems [14], 

[15]. In 1977, Mackey and Glass introduced a delayed nonlinear model to describe the regulation of blood-cell 

production, especially in physiological control systems where the response to the current state is not immediate but 

mediated by a maturation or processing delay [17], [16]. Their model became one of the most famous delay differential 

equations in mathematical biology because it can exhibit stable, oscillatory, and even chaotic dynamics depending on 

parameter values [17], [16]. Originally linked to hematopoiesis and related physiological control problems, it is also 

relevant to medical modeling because delays naturally arise in blood-cell production, endocrine regulation, respiratory 

control, and other biomedical feedback processes [16], [18], [19]. 

 

Formal derivation of the model 
 

Let 𝑃(𝑡) denote the density of mature blood cells at time 𝑡. We begin with the simplest balance law: 
 

𝑑𝑃

𝑑𝑡
= production − removal. (51) 

Assume first that removal is proportional to the current cell density. Then 

removal = 𝛾𝑃(𝑡), (52) 
 

where 𝛾 > 0 is the decay or clearance rate. 

Thus, without delay in the production mechanism, the balance law would have the form 

𝑑𝑃

𝑑𝑡
= 𝑘(𝑃) − 𝛾𝑃(𝑡), (53) 

where 𝑘(𝑃) is a production function. 

However, in hematopoiesis the bone marrow does not instantaneously release mature cells in response to the present 

concentration. There is a physiological lag due to maturation and regulatory processing. Therefore, production must 

depend on the past state 𝑃(𝑡 − 𝜏), where 𝜏 > 0 is the delay. Hence, 
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𝑑𝑃

𝑑𝑡
= 𝑘(𝑃(𝑡 − 𝜏)) − 𝛾𝑃(𝑡). (54) 

 

The next step is to choose the feedback law 𝑘(⋅). Since production should decrease when the delayed cell level becomes 

large, Mackey and Glass proposed a negative-feedback production term of Hill type. A common form is 

𝑘(𝑃(𝑡 − 𝜏)) =
𝛽 𝑃(𝑡 − 𝜏)

1 + [𝑃(𝑡 − 𝜏)]𝑛
, (55) 

where: 

• 𝛽 > 0 is the maximal production intensity; 

• 𝑛 > 0 is the Hill exponent controlling nonlinearity; 

• 𝜏 > 0 is the delay. 

 

Substituting (55) into (54), we obtain 

𝑑𝑃

𝑑𝑡
=

𝛽 𝑃(𝑡 − 𝜏)

1 + [𝑃(𝑡 − 𝜏)]𝑛
− 𝛾𝑃(𝑡). (56) 

 

Equation (56) is the standard Mackey–Glass equation: 
 

𝑑𝑃

𝑑𝑡
=

𝛽 𝑃(𝑡 − 𝜏)

1 + [𝑃(𝑡 − 𝜏)]𝑛
− 𝛾𝑃(𝑡)  (57) 

 

Interpretation of the nonlinear production term 
To better understand the structure of (55), note that if 𝑃(𝑡 − 𝜏) is small, then 
 

𝑛 ≈ 0, (58) 

and therefore 

 

𝛽 𝑃(𝑡 − 𝜏)

1 + [𝑃(𝑡 − 𝜏)]𝑛
≈ 𝛽𝑃(𝑡 − 𝜏). (59) 

 

Thus, for low delayed cell levels, production is approximately linear. 
 

On the other hand, when 𝑃(𝑡 − 𝜏) is large, the denominator grows like [𝑃(𝑡 − 𝜏)]𝑛, so the production term is effectively 

reduced: 

𝛽 𝑃(𝑡 − 𝜏)

1 + [𝑃(𝑡 − 𝜏)]𝑛
∼

𝛽 𝑃(𝑡 − 𝜏)

[𝑃(𝑡 − 𝜏)]𝑛
= 𝛽[𝑃(𝑡 − 𝜏)]1−𝑛. (60) 

If 𝑛 > 1, this expression decreases as 𝑃(𝑡 − 𝜏) increases. Hence the model incorporates delayed negative feedback. 

 

Equilibrium points 
At equilibrium, we assume 
 

𝑃(𝑡) = 𝑃(𝑡 − 𝜏) = 𝑃∗. (61) 

Substituting into (57), 

0 =
𝛽𝑃∗

1 + (𝑃∗)𝑛
− 𝛾𝑃∗. (62) 

Factor 𝑃∗: 

0 = 𝑃∗ (
𝛽

1 + (𝑃∗)𝑛
− 𝛾). (63) 

Hence either 

𝑃∗ = 0, (64) 

Or 
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𝛽

1 + (𝑃∗)𝑛
= 𝛾. (65) 

Multiply both sides by 1 + (𝑃∗)𝑛: 

𝛽 = 𝛾[1 + (𝑃∗)𝑛]. (66) 
 

Expand: 

𝛽 = 𝛾 + 𝛾(𝑃∗)𝑛. (67) 

Subtract 𝛾: 

𝛽 − 𝛾 = 𝛾(𝑃∗)𝑛. (68) 

Divide by 𝛾: 

𝛽 − 𝛾

𝛾
= (𝑃∗)𝑛. (69) 

Therefore, 

𝑃∗ = (
𝛽 − 𝛾

𝛾
)
1/𝑛

,  provided 𝛽 > 𝛾. (70) 

So, the equilibria are 

𝑃1
∗ = 0,  𝑃2

∗ = (
𝛽 − 𝛾

𝛾
)
1/𝑛

. (71) 

 

A local analytical approximation around the positive equilibrium 

Let 

𝑃(𝑡) = 𝑃∗ + 𝑦(𝑡), (72) 

 

where 𝑦(𝑡) is a small perturbation around the positive equilibrium 𝑃∗. 

Then 

𝑃(𝑡 − 𝜏) = 𝑃∗ + 𝑦(𝑡 − 𝜏). (73) 

Define 

𝐹(𝑧) =
𝛽𝑧

1 + 𝑧𝑛
. (74) 

 

Then the Mackey–Glass equation becomes 
 

𝑑𝑃

𝑑𝑡
= 𝐹(𝑃(𝑡 − 𝜏)) − 𝛾𝑃(𝑡). (75) 

 

Using (72) and (73), 

𝑑

𝑑𝑡
[𝑃∗ + 𝑦(𝑡)] = 𝐹(𝑃∗ + 𝑦(𝑡 − 𝜏)) − 𝛾[𝑃∗ + 𝑦(𝑡)]. (76) 

 

Since 𝑃∗ is constant, 

 

𝑑𝑦

𝑑𝑡
= 𝐹(𝑃∗ + 𝑦(𝑡 − 𝜏)) − 𝛾𝑃∗ − 𝛾𝑦(𝑡). (77) 

 

Now expand 𝐹(𝑃∗ + 𝑦(𝑡 − 𝜏)) by first-order Taylor approximation: 
 

𝐹(𝑃∗ + 𝑦(𝑡 − 𝜏)) ≈ 𝐹(𝑃∗) + 𝐹′(𝑃∗)𝑦(𝑡 − 𝜏). (78) 

Substituting into (77), 

𝑑𝑦

𝑑𝑡
≈ 𝐹(𝑃∗) + 𝐹′(𝑃∗)𝑦(𝑡 − 𝜏) − 𝛾𝑃∗ − 𝛾𝑦(𝑡). (79) 

At equilibrium, 

𝐹(𝑃∗) − 𝛾𝑃∗ = 0, (80) 
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So 

𝑑𝑦

𝑑𝑡
= 𝐹′(𝑃∗)𝑦(𝑡 − 𝜏) − 𝛾𝑦(𝑡). (81) 

 

We now compute 𝐹′(𝑧). Since 

𝐹(𝑧) =
𝛽𝑧

1 + 𝑧𝑛
, (82) 

use the quotient rule: 

𝐹′(𝑧) =
𝛽(1 + 𝑧𝑛) − 𝛽𝑧(𝑛𝑧𝑛−1)

(1 + 𝑧𝑛)2
. (83) 

Simplify the numerator: 

𝛽(1 + 𝑧𝑛) − 𝛽𝑛𝑧𝑛 = 𝛽[1 + 𝑧𝑛 − 𝑛𝑧𝑛] = 𝛽[1 + (1 − 𝑛)𝑧𝑛]. (84) 

Thus, 

𝐹′(𝑧) =
𝛽[1 + (1 − 𝑛)𝑧𝑛]

(1 + 𝑧𝑛)2
. (85) 

Evaluating at 𝑧 = 𝑃∗, 
 

𝐹′(𝑃∗) =
𝛽[1 + (1 − 𝑛)(𝑃∗)𝑛]

(1 + (𝑃∗)𝑛)2
. (86) 

Hence the linearized equation is 

𝑑𝑦

𝑑𝑡
= 𝑎 𝑦(𝑡 − 𝜏) − 𝛾𝑦(𝑡),  𝑎 = 𝐹′(𝑃∗)  (87) 

Seeking exponential solutions 

𝑦(𝑡) = 𝐶𝑒𝜆𝑡, (88) 

we obtain 

𝜆𝐶𝑒𝜆𝑡 = 𝑎𝐶𝑒𝜆(𝑡−𝜏) − 𝛾𝐶𝑒𝜆𝑡 . (89) 

Divide by 𝐶𝑒𝜆𝑡: 

𝜆 = 𝑎𝑒−𝜆𝜏 − 𝛾. (90) 

Therefore, the characteristic equation is 

𝜆 + 𝛾 − 𝑎𝑒−𝜆𝜏 = 0  (91) 

 

Importance of the model 
The Mackey–Glass equation is important because it provides one of the most celebrated delayed feedback models in 

physiology [17], [16]. It was introduced specifically in the context of blood-cell regulation and remains highly relevant in 

medical modeling because it captures the effect of maturation delay and nonlinear feedback in hematopoiesis [17], [18]. 

It is also mathematically significant because, depending on parameter values, it may generate equilibria, oscillations, and 

chaotic behavior, thereby offering a rich framework for studying physiological control and pathological variability [17], 

[16], [19]. 

 

Application exercise 
Consider the Mackey–Glass equation 

𝑑𝑃

𝑑𝑡
=

𝛽𝑃(𝑡 − 𝜏)

1 + [𝑃(𝑡 − 𝜏)]𝑛
− 𝛾𝑃(𝑡), (92) 

with parameters 

𝛽 = 0.20,  𝛾 = 0.10,  𝑛 = 10,  𝜏 = 2. (93) 
 

Assume the initial history is constant: 

𝑃(𝑡) = 0.50,  −2 ≤ 𝑡 ≤ 0. (94) 
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We approximate the solution on the first interval 𝟎 ≤ 𝒕 ≤ 𝟐. Since 𝒕 − 𝝉 ∈ [−𝟐, 𝟎], we have 

𝑃(𝑡 − 𝜏) = 0.50  for 0 ≤ 𝑡 ≤ 2. (95) 

Substitute (95) into (92): 

𝑑𝑃

𝑑𝑡
=

0.20 ⋅ 0.50

1 + (0.50)10
− 0.10𝑃(𝑡). (96) 

Compute the power: 

(0.50)10 =
1

1024
≈ 0.00097656. (97) 

Thus, 

1 + (0.50)10 ≈ 1.00097656. (98) 

Also, 

0.20 ⋅ 0.50 = 0.10. (99) 

Therefore, 

0.10

1.00097656
≈ 0.0999024. (100) 

 

Hence the delayed equation reduces, on the first interval, to the linear ODE 

𝑑𝑃

𝑑𝑡
= 0.0999024 − 0.10𝑃(𝑡),  𝑃(0) = 0.50. (101) 

We solve (101) by the integrating factor method. Rewrite it as 

𝑑𝑃

𝑑𝑡
+ 0.10𝑃 = 0.0999024. (102) 

The integrating factor is 

𝜇(𝑡) = 𝑒∫ 0.10 𝑑𝑡 = 𝑒0.10𝑡. (103) 

 

Multiply (102) by 𝑒0.10𝑡:  

𝑒0.10𝑡
𝑑𝑃

𝑑𝑡
+ 0.10𝑒0.10𝑡𝑃 = 0.0999024𝑒0.10𝑡. (104) 

The left-hand side is 

𝑑

𝑑𝑡
(𝑒0.10𝑡𝑃(𝑡)) = 0.0999024𝑒0.10𝑡. (105) 

Integrating, 

𝑒0.10𝑡𝑃(𝑡) = 0.0999024∫ 𝑒0.10𝑡 𝑑𝑡 + 𝐶. (106) 

Since 

∫ 𝑒0.10𝑡  𝑑𝑡 = 10𝑒0.10𝑡, (107) 

we obtain 

𝑒0.10𝑡𝑃(𝑡) = 0.999024 𝑒0.10𝑡 + 𝐶. (108) 

 

Dividing by 𝑒0.10𝑡, 

𝑃(𝑡) = 0.999024 + 𝐶𝑒−0.10𝑡. (109) 

Use the initial condition 𝑃(0) = 0.50: 

0.50 = 0.999024 + 𝐶, (110) 
 

So 

𝐶 = −0.499024. (111) 

Therefore, 
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𝑃(𝑡) = 0.999024 − 0.499024𝑒−0.10𝑡 ,  0 ≤ 𝑡 ≤ 2. (112) 
 

Now evaluate the solution. 

For 𝑡 = 0, 

𝑃(0) = 0.50. (113) 

 

For 𝑡 = 1, 

𝑃(1) = 0.999024 − 0.499024𝑒−0.10. (114) 

Since 

𝑒−0.10 ≈ 0.904837, (115) 

 

we obtain 

𝑃(1) ≈ 0.999024 − 0.499024(0.904837) ≈ 0.5475. (116) 
 

For 𝒕 = 𝟐, 

𝑃(2) = 0.999024 − 0.499024𝑒−0.20. (117) 

Since 

𝑒−0.20 ≈ 0.818731, (118) 

it follows that 

𝑃(2) ≈ 0.999024 − 0.499024(0.818731) ≈ 0.5904. (119) 

 

Thus, on the first delay interval, the mature blood-cell density increases because the delayed production term still reflects 

the lower historical level. 

                               Graphical representation. 

 
Approximate solution of the Mackey–Glass model on the first delay interval 0 ≤ 𝑡 ≤ 2. 

 

This application illustrates the biomedical importance of the Mackey–Glass model. The present rate of cell production 

depends on a delayed physiological signal, which reflects the fact that blood-cell maturation and regulation are not 

instantaneous. Even on the first delay interval, the model already shows how delayed feedback changes the effective 

dynamics when compared with ordinary differential equations. In medical and physiological contexts, this is fundamental 

for representing hematopoiesis and related regulatory systems. From the mathematical point of view, the model is 

especially valuable because it transforms a biologically realistic feedback mechanism into a compact delayed equation 

whose stability and oscillatory properties can be studied in detail. 
 

The Lasota–Ważewska Model 
Andrzej Lasota (1932–2006) was a Polish mathematician known for his work in differential equations, dynamical 

systems, and mathematical biology, while Maria Ważewska-Czyżewska was a Polish hematologist whose biomedical 

work contributed directly to the formulation of a delayed model for red blood cell dynamics [20], [21]. Their model, now 

known as the Lasota–Ważewska equation, was introduced to describe the survival of red blood cells in an animal and the 

delayed production associated with erythropoiesis [21], [20]. Because red blood cell formation is not instantaneous, the 

current rate of change depends on a past state, which makes delay differential equations particularly appropriate in this 
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medical context. For this reason, the Lasota–Ważewska model is one of the classical delayed equations in hematology 

and physiological regulation [21], [22], [23]. 

 

Formal derivation of the model 
Let 𝑥(𝑡) denote the concentration or density of mature red blood cells at time 𝑡. We begin with the basic balance law 

𝑑𝑥

𝑑𝑡
= production − loss. (120) 

Assume first that mature red blood cells are removed from the bloodstream at a rate proportional to the current density. 

Then 

loss = 𝛾𝑥(𝑡), (121) 

where 𝛾 > 0 is the removal or death rate. 

If production depended instantaneously on the current state, one could write 

𝑑𝑥

𝑑𝑡
= 𝑃(𝑥(𝑡)) − 𝛾𝑥(𝑡), (122) 

where 𝑃(⋅) is the production function. 

However, erythropoiesis is delayed: red blood cells that appear at time 𝑡 are the result of precursor processes that began 

at an earlier time 𝑡 − 𝜏 , where 𝜏 > 0 is the maturation delay. Therefore, production must depend on the past state 

𝑥(𝑡 − 𝜏), not only on the present state. Hence, 

𝑑𝑥

𝑑𝑡
= 𝑃(𝑥(𝑡 − 𝜏)) − 𝛾𝑥(𝑡). (123) 

The next step is to specify the production law. Lasota and Ważewska assumed that production decreases when the 

delayed red blood cell level becomes large. A classical choice is an exponentially decreasing feedback: 

𝑃(𝑥(𝑡 − 𝜏)) = 𝛽𝑒−𝛿𝑥(𝑡−𝜏), (124) 

where: 

• 𝛽 > 0 is the maximal production rate; 

• 𝛿 > 0 measures the strength of the inhibitory feedback; 

• 𝜏 > 0 is the delay. 

 

Substituting (124) into (123), we obtain 

𝑑𝑥

𝑑𝑡
= −𝛾𝑥(𝑡) + 𝛽𝑒−𝛿𝑥(𝑡−𝜏). (125) 

Equation (125) is the classical Lasota–Ważewska equation: 

𝑑𝑥

𝑑𝑡
= −𝛾𝑥(𝑡) + 𝛽𝑒−𝛿𝑥(𝑡−𝜏)  (126) 

 

Interpretation of the delayed production term 
The exponential term 

𝛽𝑒−𝛿𝑥(𝑡−𝜏) (127) 

 
has a clear biological meaning. If the delayed red blood cell density 𝑥(𝑡 − 𝜏) is small, then the exponent −𝛿𝑥(𝑡 − 𝜏) is 

close to zero, and therefore 

𝑒−𝛿𝑥(𝑡−𝜏) ≈ 1. (128) 

In this case, production is close to its maximal value: 

𝛽𝑒−𝛿𝑥(𝑡−𝜏) ≈ 𝛽. (129) 

On the other hand, if 𝑥(𝑡 − 𝜏) is large, then the exponential decreases, which means that production is suppressed: 

 

𝑥(𝑡 − 𝜏) ↑ ⇒ 𝑒−𝛿𝑥(𝑡−𝜏) ↓. (130) 

Thus the model incorporates delayed negative feedback in a smooth nonlinear way. 
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Equilibrium points 
At equilibrium, we assume 

𝑥(𝑡) = 𝑥(𝑡 − 𝜏) = 𝑥∗. (131) 

Substituting into (126), 

0 = −𝛾𝑥∗ + 𝛽𝑒−𝛿𝑥
∗
. (132) 

Rearrange: 

𝛾𝑥∗ = 𝛽𝑒−𝛿𝑥
∗
. (133) 

Multiply both sides by 𝑒𝛿𝑥
∗
: 

𝛾𝑥∗𝑒𝛿𝑥
∗
= 𝛽. (134) 

Divide by 𝛾: 

𝑥∗𝑒𝛿𝑥
∗
=
𝛽

𝛾
. (135) 

Equation (135) implicitly defines the positive equilibrium. In general, it does not admit an elementary closed-form 

solution, but it can be expressed through the Lambert 𝑊 function if desired. For the purposes of the present study, it is 

sufficient to note that the model possesses a biologically relevant positive equilibrium determined by the balance between 

delayed production and current loss. 

 

Linearization around equilibrium 
Let 

𝑥(𝑡) = 𝑥∗ + 𝑦(𝑡), (136) 

where 𝑦(𝑡) is a small perturbation. 

Then 

𝑥(𝑡 − 𝜏) = 𝑥∗ + 𝑦(𝑡 − 𝜏). (137) 
 

Substitute (136) and (137) into (126): 

𝑑

𝑑𝑡
[𝑥∗ + 𝑦(𝑡)] = −𝛾[𝑥∗ + 𝑦(𝑡)] + 𝛽𝑒−𝛿[𝑥

∗+𝑦(𝑡−𝜏)]. (138) 

Since 𝑥∗ is constant, 

𝑑𝑦

𝑑𝑡
= −𝛾𝑥∗ − 𝛾𝑦(𝑡) + 𝛽𝑒−𝛿𝑥

∗
𝑒−𝛿𝑦(𝑡−𝜏). (139) 

 

Now use the first-order approximation 

𝑒−𝛿𝑦(𝑡−𝜏) ≈ 1 − 𝛿𝑦(𝑡 − 𝜏), (140) 
 

valid for small 𝑦. Then 

𝛽𝑒−𝛿𝑥
∗
𝑒−𝛿𝑦(𝑡−𝜏) ≈ 𝛽𝑒−𝛿𝑥

∗
(1 − 𝛿𝑦(𝑡 − 𝜏)). (141) 

Substituting into (139), 

𝑑𝑦

𝑑𝑡
= −𝛾𝑥∗ − 𝛾𝑦(𝑡) + 𝛽𝑒−𝛿𝑥

∗
− 𝛽𝛿𝑒−𝛿𝑥

∗
𝑦(𝑡 − 𝜏). (142) 

 

At equilibrium, 
 

−𝛾𝑥∗ + 𝛽𝑒−𝛿𝑥
∗
= 0, (143) 

so the constant terms cancel, and we obtain 

𝑑𝑦

𝑑𝑡
= −𝛾𝑦(𝑡) − 𝛽𝛿𝑒−𝛿𝑥

∗
𝑦(𝑡 − 𝜏). (144) 

Thus the linearized equation is 

𝑑𝑦

𝑑𝑡
= −𝛾𝑦(𝑡) − 𝑎 𝑦(𝑡 − 𝜏),  𝑎 = 𝛽𝛿𝑒−𝛿𝑥

∗
 (145) 

Seeking exponential solutions of the form 
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𝑦(𝑡) = 𝐶𝑒𝜆𝑡, (146) 

we obtain 

𝜆𝐶𝑒𝜆𝑡 = −𝛾𝐶𝑒𝜆𝑡 − 𝑎𝐶𝑒𝜆(𝑡−𝜏). (147) 

Divide by 𝐶𝑒𝜆𝑡: 

𝜆 = −𝛾 − 𝑎𝑒−𝜆𝜏. (148) 

Therefore, the characteristic equation is 

𝜆 + 𝛾 + 𝑎𝑒−𝜆𝜏 = 0  (149) 

 

Importance of the model 
The Lasota–Ważewska equation is important because it is one of the classical delayed equations explicitly linked to 

hematology [21], [20]. It captures the physiological fact that red blood cell production depends on a delayed maturation 

process and on nonlinear feedback from past circulating levels [21], [22]. This makes the model highly relevant in 

mathematical medicine, blood-cell dynamics, and physiological regulation [20], [23]. At the same time, it is 

mathematically significant because it is simple enough to analyze formally, while still incorporating the essential 

ingredients of memory, delay, and nonlinear feedback [22], [23]. 
 

Application exercise 
Consider the Lasota–Ważewska equation 

𝑑𝑥

𝑑𝑡
= −𝛾𝑥(𝑡) + 𝛽𝑒−𝛿𝑥(𝑡−𝜏), (150) 

with parameters 

𝛾 = 0.15,  𝛽 = 2.0,  𝛿 = 0.5,  𝜏 = 2. (151) 

Assume the initial history is constant: 

𝑥(𝑡) = 1,  −2 ≤ 𝑡 ≤ 0. (152) 

We approximate the solution on the first delay interval 0 ≤ 𝑡 ≤ 2. Since 𝑡 − 𝜏 ∈ [−2,0], we have 

𝑥(𝑡 − 𝜏) = 1  for 0 ≤ 𝑡 ≤ 2. (153) 

Substituting (153) into (150), 

𝑑𝑥

𝑑𝑡
= −0.15𝑥(𝑡) + 2.0𝑒−0.5⋅1. (154) 

Compute the exponential: 

𝑒−0.5 ≈ 0.606531. (155) 

Hence, 

2.0𝑒−0.5 ≈ 1.213062. (156) 

Therefore, the DDE reduces to the linear ODE 

𝑑𝑥

𝑑𝑡
+ 0.15𝑥 = 1.213062,  𝑥(0) = 1. (157) 

The integrating factor is 

𝜇(𝑡) = 𝑒∫ 0.15 𝑑𝑡 = 𝑒0.15𝑡. (158) 

Multiply the equation by 𝑒0.15𝑡: 

𝑒0.15𝑡
𝑑𝑥

𝑑𝑡
+ 0.15𝑒0.15𝑡𝑥 = 1.213062𝑒0.15𝑡. (159) 

 

Thus, 

𝑑

𝑑𝑡
(𝑒0.15𝑡𝑥(𝑡)) = 1.213062𝑒0.15𝑡. (160) 

Integrating, 

𝑒0.15𝑡𝑥(𝑡) = 1.213062∫ 𝑒0.15𝑡  𝑑𝑡 + 𝐶. (161) 
 

Since 

∫ 𝑒0.15𝑡 𝑑𝑡 =
1

0.15
𝑒0.15𝑡, (162) 
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we obtain 

𝑒0.15𝑡𝑥(𝑡) =
1.213062

0.15
𝑒0.15𝑡 + 𝐶. (163) 

Now compute 

1.213062

0.15
≈ 8.08708. (164) 

Therefore, 

𝑒0.15𝑡𝑥(𝑡) = 8.08708𝑒0.15𝑡 + 𝐶, (165) 

and dividing by 𝑒0.15𝑡, 

𝑥(𝑡) = 8.08708 + 𝐶𝑒−0.15𝑡. (166) 

Use the initial condition 𝑥(0) = 1: 

1 = 8.08708 + 𝐶, (167) 

Hence 

𝐶 = −7.08708. (168) 
 

Thus, the approximate solution on 0 ≤ 𝑡 ≤ 2 is 

𝑥(𝑡) = 8.08708 − 7.08708𝑒−0.15𝑡. (169) 

Now evaluate the solution: 

For 𝑡 = 0, 

𝑥(0) = 1. (170) 

For 𝑡 = 1, 

𝑥(1) = 8.08708 − 7.08708𝑒−0.15. (171) 

Since 

𝑒−0.15 ≈ 0.860708, (172) 

we get 

𝑥(1) ≈ 8.08708 − 7.08708(0.860708) ≈ 1.987. (173) 

For 𝑡 = 2, 

𝑥(2) = 8.08708 − 7.08708𝑒−0.30. (174) 
 

Since 

𝑒−0.30 ≈ 0.740818, (175) 

it follows that 

𝑥(2) ≈ 8.08708 − 7.08708(0.740818) ≈ 2.839. (176) 
 

Thus, during the first delay interval, the red blood cell density increases because production is still controlled by the 

lower delayed historical state. 
 

                                Graphical representation. 

 
                              Approximate solution of the Lasota–Ważewska model on the first delay interval 0 ≤ 𝑡 ≤ 2. 
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This application shows that the Lasota–Ważewska model is particularly well suited to hematological modeling because it 

explicitly incorporates delayed maturation and nonlinear physiological feedback. The present rate of change depends on 

current loss and delayed production, which reflects the biological reality of red blood cell formation much better than an 

ordinary differential equation without memory. From the mathematical point of view, the model is especially valuable 

because it remains compact and analytically accessible while already displaying the essential structure of medical 

systems with delayed regulation. 

 

The Goodwin Model 
Brian C. Goodwin (1931–1995) was an English theoretical biologist and mathematician, educated at McGill University 

and later active at the University of Sussex and The Open University. In the 1960s, Goodwin proposed a nonlinear 

feedback model to describe oscillatory regulation in gene expression and biochemical control systems, showing that 

delayed negative feedback can generate sustained biological oscillations [24], [25], [26]. Although the original model 

was introduced in the context of cellular and operon dynamics, it later became an important conceptual framework for 

endocrine regulation, circadian rhythmicity, and hormonal feedback systems, all of which are highly relevant in health-

related mathematical modeling [24], [27], [28]. 

 

Formal derivation of the model 
Let 𝑥(𝑡) denote the concentration of a regulatory biochemical variable, such as mRNA, hormone, or signaling product. 

We begin with the basic balance law 

𝑑𝑥

𝑑𝑡
= production − degradation. (177) 

Assume first that degradation is proportional to the present concentration: 

degradation = 𝑏𝑥(𝑡), (178) 

where 𝑏 > 0 is the degradation rate. 

If production were constant, we would have 

𝑑𝑥

𝑑𝑡
= 𝑎 − 𝑏𝑥(𝑡), (179) 

with 𝑎 > 0 constant. However, in regulatory biological systems the production is typically inhibited by a downstream 

product. To represent this negative feedback, Goodwin introduced a Hill-type repression law. In the delayed setting, the 

repression depends on the past concentration 𝑥(𝑡 − 𝜏), where 𝜏 > 0 is the processing or feedback delay: 
 

production =
𝑎

1 + [𝑥(𝑡 − 𝜏)]𝑛
, (180) 

 

where 𝑛 > 0 is the Hill exponent. 

Substituting (180) and (178) into (177), we obtain 

𝑑𝑥

𝑑𝑡
=

𝑎

1 + [𝑥(𝑡 − 𝜏)]𝑛
− 𝑏𝑥(𝑡). (181) 

 

Equation (181) is the delayed Goodwin equation: 

𝑑𝑥

𝑑𝑡
=

𝑎

1 + [𝑥(𝑡 − 𝜏)]𝑛
− 𝑏𝑥(𝑡)  (182) 

 

Interpretation of the nonlinear feedback 
If the delayed concentration is small, then 

𝑛 ≈ 0, (183) 

so the production term is approximately maximal: 
𝑎

1 + [𝑥(𝑡 − 𝜏)]𝑛
≈ 𝑎. (184) 

If the delayed concentration is large, then the denominator increases and production is repressed: 

𝑥(𝑡 − 𝜏) ↑ ⇒ 
𝑎

1 + [𝑥(𝑡 − 𝜏)]𝑛
↓. (185) 
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Thus the model captures delayed negative feedback, which is a fundamental ingredient in oscillatory physiological 

regulation. 

 

Equilibrium point 
At equilibrium, 𝑥(𝑡) = 𝑥(𝑡 − 𝜏) = 𝑥∗. Substituting into (182), 

 

0 =
𝑎

1 + (𝑥∗)𝑛
− 𝑏𝑥∗. (186) 

Rearrange: 

𝑏𝑥∗ =
𝑎

1 + (𝑥∗)𝑛
. (187) 

Multiply both sides by 1 + (𝑥∗)𝑛: 

𝑏𝑥∗(1 + (𝑥∗)𝑛) = 𝑎. (188) 

Expand: 

𝑏𝑥∗ + 𝑏(𝑥∗)𝑛+1 = 𝑎. (189) 
 

Thus, the equilibrium is defined implicitly by 

𝑏(𝑥∗)𝑛+1 + 𝑏𝑥∗ − 𝑎 = 0. (190) 
 

Linearization around equilibrium 
Let 

𝑥(𝑡) = 𝑥∗ + 𝑦(𝑡), (191) 

where 𝑦(𝑡) is a small perturbation. Then 

𝑥(𝑡 − 𝜏) = 𝑥+𝑦(𝑡 − 𝜏). (192) 

Define 

𝐹(𝑧) =
𝑎

1 + 𝑧𝑛
. (193) 

Then the equation becomes 

𝑑𝑥

𝑑𝑡
= 𝐹(𝑥(𝑡 − 𝜏)) − 𝑏𝑥(𝑡). (194) 

Using 𝑥 = 𝑥∗ + 𝑦, 

𝑑𝑦

𝑑𝑡
= 𝐹(𝑥∗ + 𝑦(𝑡 − 𝜏)) − 𝑏𝑥∗ − 𝑏𝑦(𝑡). (195) 

 

Apply the first-order Taylor expansion: 

𝐹(𝑥∗ + 𝑦(𝑡 − 𝜏)) ≈ 𝐹(𝑥∗) + 𝐹′(𝑥∗)𝑦(𝑡 − 𝜏). (196) 

 

Hence, 

𝑑𝑦

𝑑𝑡
= 𝐹(𝑥∗) + 𝐹′(𝑥∗)𝑦(𝑡 − 𝜏) − 𝑏𝑥∗ − 𝑏𝑦(𝑡). (197) 

At equilibrium, 

𝐹(𝑥∗) − 𝑏𝑥∗ = 0, (198) 

So 

𝑑𝑦

𝑑𝑡
= 𝐹′(𝑥∗)𝑦(𝑡 − 𝜏) − 𝑏𝑦(𝑡). (199) 

Now compute 𝐹′(𝑧): 

𝐹(𝑧) = 𝑎(1 + 𝑧𝑛)−1. (200) 

Differentiate: 

𝐹′(𝑧) = 𝑎(−1)(1 + 𝑧𝑛)−2(𝑛𝑧𝑛−1), (201) 

Thus 
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𝐹′(𝑧) = −
𝑎𝑛𝑧𝑛−1

(1 + 𝑧𝑛)2
. (202) 

Therefore, 

𝐹′(𝑥∗) = −
𝑎𝑛(𝑥∗)𝑛−1

(1 + (𝑥∗)𝑛)2
. (203) 

So, the linearized equation is 

𝑑𝑦

𝑑𝑡
= −𝑐 𝑦(𝑡 − 𝜏) − 𝑏𝑦(𝑡),  𝑐 =

𝑎𝑛(𝑥∗)𝑛−1

(1 + (𝑥∗)𝑛)2
 (204) 

Seeking exponential solutions 𝑦(𝑡) = 𝐶𝑒𝜆𝑡, we obtain 

𝜆𝐶𝑒𝜆𝑡 = −𝑐𝐶𝑒𝜆(𝑡−𝜏) − 𝑏𝐶𝑒𝜆𝑡 . (205) 

Dividing by 𝐶𝑒𝜆𝑡 , 

𝜆 = −𝑐𝑒−𝜆𝜏 − 𝑏. (206) 

Hence the characteristic equation is 

𝜆 + 𝑏 + 𝑐𝑒−𝜆𝜏 = 0  (207) 

 

Application exercise 
Consider the delayed Goodwin model 

𝑑𝑥

𝑑𝑡
=

2

1 + [𝑥(𝑡 − 𝜏)]2
− 0.5𝑥(𝑡), (208) 

 

With 

𝜏 = 2. (209) 

Assume the initial history 

𝑥(𝑡) = 1,  −2 ≤ 𝑡 ≤ 0. (210) 

On the first delay interval 0 ≤ 𝑡 ≤ 2, we have 

𝑥(𝑡 − 𝜏) = 1. (211) 

Substitute into (208): 

𝑑𝑥

𝑑𝑡
=

2

1 + 12
− 0.5𝑥(𝑡). (212) 

Since 

2

1 + 1
= 1, (213) 

the equation reduces to 

𝑑𝑥

𝑑𝑡
+ 0.5𝑥 = 1,  𝑥(0) = 1. (214) 

The integrating factor is 

𝜇(𝑡) = 𝑒0.5𝑡. (215) 

Multiply the equation by 𝑒0.5𝑡: 

𝑒0.5𝑡
𝑑𝑥

𝑑𝑡
+ 0.5𝑒0.5𝑡𝑥 = 𝑒0.5𝑡. (216) 

Hence, 

𝑑

𝑑𝑡
(𝑒0.5𝑡𝑥(𝑡)) = 𝑒0.5𝑡. (217) 

Integrating, 

𝑒0.5𝑡𝑥(𝑡) = ∫ 𝑒0.5𝑡𝑑𝑡 + 𝐶. (218) 

Since 

∫ 𝑒0.5𝑡𝑑𝑡 = 2𝑒0.5𝑡, (219) 
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we obtain 

𝑒0.5𝑡𝑥(𝑡) = 2𝑒0.5𝑡 + 𝐶. (220) 

Dividing by 𝑒0.5𝑡, 
𝑥(𝑡) = 2 + 𝐶𝑒−0.5𝑡. (221) 

Using 𝑥(0) = 1, 

1 = 2 + 𝐶, (222) 
 

So 

𝐶 = −1. (223) 

Therefore, 

𝑥(𝑡) = 2 − 𝑒−0.5𝑡,  0 ≤ 𝑡 ≤ 2. (224) 

Now evaluate: 

𝑥(0) = 1, (225) 

𝑥(1) = 2 − 𝑒−0.5 ≈ 2 − 0.606531 = 1.393469, (226) 

And 

𝑥(2) = 2 − 𝑒−1 ≈ 2 − 0.367879 = 1.632121. (227) 

 
                               Graphical representation. 

 
Approximate solution of the delayed Goodwin model on the first delay interval 0 ≤ 𝑡 ≤ 2. 

 

This application shows that the delayed Goodwin model is suitable for biological systems in which production is 

repressed by a past regulatory signal rather than by the present concentration. Such a mechanism is common in endocrine 

control, gene regulation, and rhythmic physiological systems. From the mathematical point of view, the model is 

important because it transforms a simple balance law into a delayed nonlinear feedback equation capable of producing 

oscillatory behavior. From the biomedical point of view, it provides a compact framework for understanding how 

delayed repression may generate complex physiological dynamics. 
 

The SEIRS Model with Delay 
Kenneth L. Cooke was an American mathematician known for his work in functional differential equations and 

mathematical biology, while Pauline van den Driessche is a distinguished applied mathematician recognized for major 

contributions to epidemiological modeling, dynamical systems, and delay equations. Delay formulations of epidemic 

models were developed in order to represent biologically meaningful time lags such as incubation, latent infection, 

infectious period, and temporary immunity. In the SEIRS setting, these delays are especially important because 

individuals do not move instantaneously between epidemiological compartments. For this reason, delayed SEIRS 

systems became classical tools in mathematical epidemiology and remain highly relevant to public health and medical 

modeling. [29], [30], [31] 
 

Formal derivation of the model 
We begin with the standard SEIRS structure: 

• 𝑆(𝑡): susceptible individuals; 

• 𝐸(𝑡): exposed (infected but not yet infectious); 

• 𝐼(𝑡): infectious individuals; 

• 𝑅(𝑡): recovered individuals. 
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Without delay, a standard compartmental balance is 

𝑑𝑆

𝑑𝑡
= 𝛬 − 𝛽𝑆(𝑡)𝐼(𝑡) + 𝜔𝑅(𝑡) − 𝜇𝑆(𝑡), (228) 

𝑑𝐸

𝑑𝑡
= 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜎𝐸(𝑡) − 𝜇𝐸(𝑡), (229) 

𝑑𝐼

𝑑𝑡
= 𝜎𝐸(𝑡) − 𝛾𝐼(𝑡) − 𝜇𝐼(𝑡), (230) 

𝑑𝑅

𝑑𝑡
= 𝛾𝐼(𝑡) − 𝜔𝑅(𝑡) − 𝜇𝑅(𝑡), (231) 

where: 

• 𝛬 is the recruitment rate; 

• 𝛽 is the transmission coefficient; 

• 𝜎 is the exposed-to-infectious transition rate; 

• 𝛾 is the recovery rate; 

• 𝜔 is the immunity-loss rate; 

• 𝜇 is the natural mortality rate. 
 

However, this formulation assumes that individuals move continuously and instantaneously between stages. In reality, 

the latent period is not instantaneous. Suppose the disease has a fixed incubation delay 𝜏 > 0. Then individuals infected 

at time 𝑡 − 𝜏 only become infectious at time 𝑡. Thus, the inflow into the infectious class must depend on the past exposed 

population: 

inflow into 𝐼 ∝  𝐸(𝑡 − 𝜏). (232) 

Therefore, the infectious equation becomes 

𝑑𝐼

𝑑𝑡
= 𝜎𝐸(𝑡 − 𝜏) − 𝛾𝐼(𝑡) − 𝜇𝐼(𝑡). (233) 

Similarly, because the exposed class loses individuals after a latent delay, we may replace the simple ODE structure by a 

delayed transition mechanism. A simplified delayed SEIRS form is 

𝑑𝑆

𝑑𝑡
= 𝛬 − 𝛽𝑆(𝑡)𝐼(𝑡) + 𝜔𝑅(𝑡) − 𝜇𝑆(𝑡), (234) 

𝑑𝐸

𝑑𝑡
= 𝛽𝑆(𝑡)𝐼(𝑡) − 𝜎𝐸(𝑡 − 𝜏) − 𝜇𝐸(𝑡), (235) 

𝑑𝐼

𝑑𝑡
= 𝜎𝐸(𝑡 − 𝜏) − 𝛾𝐼(𝑡) − 𝜇𝐼(𝑡), (236) 

𝑑𝑅

𝑑𝑡
= 𝛾𝐼(𝑡) − 𝜔𝑅(𝑡) − 𝜇𝑅(𝑡). (237) 

 

System (234)–(237) is a delayed SEIRS model with incubation lag. 
 

A reduced scalar delayed infective equation 
To construct an analytical exercise, we simplify the model near the early epidemic phase, assuming the susceptible 

population remains approximately constant: 

𝑆(𝑡) ≈ 𝑆0. (238) 

In this regime, the exposed and infectious dynamics may be reduced to a single delayed infective equation. Let the 

effective delayed infection growth coefficient be 𝑎 > 0 and the removal coefficient be 𝑏 > 0. Then a scalar delayed 

epidemic model is 

𝑑𝐼

𝑑𝑡
= 𝑎𝐼(𝑡 − 𝜏) − 𝑏𝐼(𝑡). (239) 

This reduced form is one of the standard delay structures arising in epidemic modeling with latent period. 
 

Equilibrium and characteristic equation 
At equilibrium, let 
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𝐼(𝑡) = 𝐼(𝑡 − 𝜏) = 𝐼∗. (240) 

Substituting into (239), 

0 = 𝑎𝐼∗ − 𝑏𝐼∗. (241) 

Thus, 

(𝑎 − 𝑏)𝐼∗ = 0. (242) 

Hence, if 𝑎 ≠ 𝑏, 

𝐼∗ = 0. (243) 

To study local behavior, seek exponential solutions 

𝐼(𝑡) = 𝐶𝑒𝜆𝑡. (244) 

Then 

𝑑𝐼

𝑑𝑡
= 𝜆𝐶𝑒𝜆𝑡 , (245) 

And 

𝐼(𝑡 − 𝜏) = 𝐶𝑒𝜆(𝑡−𝜏) = 𝐶𝑒𝜆𝑡𝑒−𝜆𝜏. (246) 

Substituting into (239), 

𝜆𝐶𝑒𝜆𝑡 = 𝑎𝐶𝑒𝜆𝑡𝑒−𝜆𝜏 − 𝑏𝐶𝑒𝜆𝑡. (247) 

Dividing by 𝐶𝑒𝜆𝑡, 

𝜆 = 𝑎𝑒−𝜆𝜏 − 𝑏. (248) 

Therefore, the characteristic equation is 

𝜆 + 𝑏 − 𝑎𝑒−𝜆𝜏 = 0  (249) 

 

Importance of the model 
Delayed SEIRS-type models are important because they incorporate biologically meaningful lags such as incubation and 

temporary immunity. These delays are fundamental in medical and epidemiological contexts, since individuals do not 

become infectious immediately after exposure, nor do they remain immune indefinitely. For this reason, delayed SEIRS 

systems provide a more realistic framework than instantaneous compartmental models when one seeks to represent 

disease transmission, latency, and recovery in a biologically interpretable way [29], [30], [31]. 

 

Application exercise 
Consider the reduced delayed infective equation 

 

𝑑𝐼

𝑑𝑡
= 0.40 𝐼(𝑡 − 𝜏) − 0.10 𝐼(𝑡), (250) 

With 

𝜏 = 2, (251) 

and initial history 

𝐼(𝑡) = 5,  −2 ≤ 𝑡 ≤ 0. (252) 
 

On the first delay interval 0 ≤ 𝑡 ≤ 2, we have 

𝐼(𝑡 − 𝜏) = 5. (253) 
 

Substituting into (250), 

𝑑𝐼

𝑑𝑡
= 0.40(5) − 0.10𝐼(𝑡). (254) 

Since 

0.40(5) = 2, (255) 

we obtain 

𝑑𝐼

𝑑𝑡
+ 0.10𝐼 = 2,  𝐼(0) = 5. (256) 
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The integrating factor is 

𝜇(𝑡) = 𝑒0.10𝑡. (257) 

Multiply the equation by 𝑒0.10𝑡: 

𝑒0.10𝑡
𝑑𝐼

𝑑𝑡
+ 0.10𝑒0.10𝑡𝐼 = 2𝑒0.10𝑡. (258) 

Thus, 

𝑑

𝑑𝑡
(𝑒0.10𝑡𝐼(𝑡)) = 2𝑒0.10𝑡. (259) 

Integrating, 

𝑒0.10𝑡𝐼(𝑡) = 2∫ 𝑒0.10𝑡𝑑𝑡 + 𝐶. (260) 

Since 

∫ 𝑒0.10𝑡𝑑𝑡 = 10𝑒0.10𝑡, (261) 

we obtain 

𝑒0.10𝑡𝐼(𝑡) = 20𝑒0.10𝑡 + 𝐶. (262) 

Dividing by 𝑒0.10𝑡, 

𝐼(𝑡) = 20 + 𝐶𝑒−0.10𝑡. (263) 

Using 𝐼(0) = 5, 

5 = 20 + 𝐶, (264) 

So 

𝐶 = −15. (265) 

Therefore, 

𝐼(𝑡) = 20 − 15𝑒−0.10𝑡,  0 ≤ 𝑡 ≤ 2. (266) 

Now evaluate: 

𝐼(0) = 5, (267) 

𝐼(1) = 20 − 15𝑒−0.10 ≈ 20 − 15(0.904837) ≈ 6.427, (268) 

And 

𝐼(2) = 20 − 15𝑒−0.20 ≈ 20 − 15(0.818731) ≈ 7.719. (269) 
 

Thus, during the first delay interval, the infective population grows because the delayed contribution from the past 

exposed population still supports transmission. 
 

                                 Graphical representation. 

 

Approximate solution of the reduced delayed SEIRS model on the first delay interval 0 ≤ 𝑡 ≤ 2. 

Mini conclusion on the application 
This application illustrates the epidemiological importance of delayed SEIRS-type models. The infective population is 

not determined only by the present state, but also by a delayed contribution associated with latency or incubation. This is 

biologically fundamental, since many infectious diseases involve a non-negligible time lag between exposure and 
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infectivity. From the mathematical point of view, the delayed SEIRS framework is especially valuable because it 

introduces memory into compartmental epidemiology while preserving a structure that remains analyzable through 

linearization and characteristic equations. 
 

Conclusion 
This study confirms the relevance of delay differential equations as an essential mathematical framework for modeling 

health-related systems in which the present dynamics depend explicitly on past states. The results developed throughout 

the article showed that delayed models are not only mathematically richer than their ordinary counterparts, but also 

biologically more realistic in contexts involving maturation time, physiological feedback, incubation period, immune 

response lag, and regulatory memory. In this sense, the work validates the use of delay equations as a necessary 

extension of classical models whenever temporal lag is an intrinsic part of the phenomenon under investigation. 

 

One of the main contributions of the article lies in the fact that it did not restrict itself to presenting delayed models in 

their final form. Instead, the study explicitly reconstructed the formal mathematical path that leads to each equation, 

starting from biological assumptions, balance relations, delayed feedback mechanisms, and compartmental reasoning. 

This is particularly important because much of the current literature remains centered on simulation, numerical treatment, 

stability analysis, or direct application, while the derivation of the delayed equations themselves is often omitted, 

abbreviated, or assumed as known. By addressing this gap, the article offers a more rigorous and pedagogically valuable 

contribution. 

 

The models analyzed in this work—Hutchinson, Mackey–Glass, Lasota–Ważewska, Goodwin, and delayed SEIRS—

demonstrated that delay terms are capable of changing the qualitative behavior of the system in a substantial way. Even 

in the simplified applications considered here, the results showed that the presence of delay modifies growth, regulation, 

and transition mechanisms by introducing memory into the dynamics. This reinforces the validity of delayed 

formulations in medical, physiological, and epidemiological modeling, since many real biological processes cannot be 

adequately described by instantaneous interactions alone. 

 

Another important aspect of the study is the integration between formal derivation and illustrative application. Each 

model was not only derived analytically, but also connected to a concrete biomedical interpretation through applied 

examples and graphical representation. This dual approach strengthens the scientific value of the work, since it 

demonstrates that mathematical formalism and practical interpretation should not be treated as separate dimensions, but 

rather as complementary components of a complete modeling process. In this regard, the article moves beyond a simple 

review and establishes a structured bridge between theoretical construction and applied understanding. 

From a methodological perspective, the use of Wolfram Mathematica, Python, and MATLAB contributed significantly to 

the clarity and consistency of the analysis. Wolfram Mathematica supported the symbolic expansion of equations and the 

explicit presentation of intermediate algebraic steps, while Python and MATLAB provided numerical and graphical 

support for the illustrative applications. This computational integration helped validate the analytical results and made the 

discussion more accessible and technically robust. 

 

Therefore, the results obtained in this article validate both the mathematical importance and the biomedical relevance of 

delay differential equations. The study shows that delayed models are indispensable in health-related systems with 

memory and that their explicit derivation is just as important as their application. For this reason, the article contributes 

not only to the literature on mathematical modeling in health, but also to the broader fields of biomathematics, 

bioengineering, applied mathematics, mathematical medicine, and mathematical physiology. More than a collection of 

applied models, this work provides a rigorous state-of-the-art contribution that reopens the mathematical foundations of 

delayed equations and places them in direct dialogue with contemporary health applications. 
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