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1. INTRODUCTION 
This document was prepared using the AIP Conference Proceedings template for Microsoft Word. It provides a simple 

example of a paper and offers guidelines for preparing your article. Here we introduce the paragraph styles for Level 1, 

Level 2, and Level 3 headings. Please note the followingPotato, as the fourth largest food crop in the world, plays a 

pivotal role in safeguarding food security and boosting agricultural economic development [1]. Potato early and late 

blight, caused by Alternaria solani and Phytophthora infestans respectively, are the most widely distributed and 

devastating fungal diseases in potato production [2-3]. Characterized by rapid transmission, wide epidemic range and 

heavy yield loss, these diseases can lead to a 20%–50% reduction in potato output and even total crop failure in severe 

cases [4-6]. The transmission process of potato early and late blight is complex, which is not only affected by biological 

factors such as pathogenic infection characteristics and host resistance, but also disturbed by the random fluctuations of 

environmental factors including temperature, humidity and precipitation [7-9]. Thus, traditional deterministic models are 

difficult to accurately depict their actual transmission dynamics. 

 

Mathematical models are important tools for studying the transmission dynamics of infectious diseases and plant 

diseases. In recent years, numerous scholars have carried out research on the transmission mechanisms of infectious 

diseases and plant diseases by constructing dynamic models. For instance, Song et al. proposed a viral infection dynamic 
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model with a saturated infection rate [10-12]. Based on the stage-specific characteristics of disease transmission, Qiao et 

al. first proposed the SICR epidemic model, which divides the population into susceptible, acutely infected, pathogen-

carrying and recovered classes, providing a new modeling approach for the study of stage-specific disease transmission 

[13]. This model has been successfully applied to the transmission analysis of various diseases with latent infection or 

carrier states, but it has not yet been applied to the research on potato early and late blight. 

The transmission process of potato early and late blight exhibits distinct stage-specific characteristics: healthy potato 

plants (susceptible class) first show acute disease symptoms (acutely infected class) after being exposed to pathogens; 

some infected plants may shift to a latent infection state and become pathogen carriers (pathogen-carrying class); through 

their own immune responses or artificial prevention and control measures, some infected plants can recover and regain 

health (recovered class). This transmission process is highly consistent with the structure of the SICR model. However, 

in real-world environments, random fluctuations of environmental factors such as temperature, humidity and 

precipitation directly affect the infection efficiency and transmission rate of pathogens [13-18]. The deterministic SICR 

model fails to take these random disturbances into account, resulting in deviations in prediction results. Therefore, 

introducing random perturbations to construct a stochastic transmission model of potato early and late blight is of great 

significance for improving the accuracy of disease epidemic prediction. 

Inspired by the above studies, this paper constructs a stochastic SICR transmission model based on the deterministic 

SICR model, with the impact of environmental noise on the transmission of potato early and late blight taken into 

consideration. Through dynamical analysis, we reveal the dynamical behaviors of the disease such as extinction and 

persistent epidemic under environmental fluctuations, which provides a theoretical basis for the precise prevention and 

control of this disease. 

The structure of this paper is organized as follows: Section 2 constructs the stochastic SICR model for potato early and 

late blight and proves the existence and uniqueness of its global positive solution; Section 3 analyzes the existence of the 

ergodic stationary distribution of the model; Section 4 derives the conditions for disease extinction and persistence in 

mean. 

2. PROBLEM STATEMENT 

2.1 Model Construction and Existence and Uniqueness of Global Positive Solution. 

Model Assumptions and Construction 
Combined with the transmission characteristics of potato early and late blight, the following assumptions are made: 

Divide the potato population into four categories: susceptible plants ( ), acutely infected plants ( ), pathogen-

carrying plants ( ), and recovered plants ( ), among which recovered plants have immunity; 

 represents the natural growth rate and mortality rate of the total population; 

 represents the recovery (or detachment) transition rate of acutely infected plants; 

 represents the transition rate from pathogen-carrying plants to recovered plants; 

 represents the contact rate between susceptible plants and acutely infected plants or pathogen-carrying plants; 

 represents the increased transmission rate of acutely infected plants compared with pathogen-carrying plants; 

 represents the proportion of acutely infected plants transitioning to pathogen-carrying plants. 

Based on the above assumptions, the SICR model is established as follows: 

{
  
 

  
 

𝑑𝑆(𝑡)

𝑑𝑡
= 𝜇 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛼𝛽𝑆(𝑡)𝐶(𝑡) − 𝜇𝑆(𝑡),

𝑑𝐼(𝑡)

𝑑𝑡
= 𝛽𝑆(𝑡)𝐼(𝑡) + 𝛼𝛽𝑆(𝑡)𝐶(𝑡) − 𝛾1𝐼(𝑡) − 𝜇𝐼(𝑡),

𝑑𝐶(𝑡)

𝑑𝑡
= 𝑞𝛾1𝐼(𝑡) − 𝛾2𝐶(𝑡) − 𝜇𝐶(𝑡),

𝑑𝑅(𝑡)

𝑑𝑡
= (1 − 𝑞)𝛾1𝐼(𝑡) + 𝛾2𝐶(𝑡) − 𝜇𝑅(𝑡),

                                                            (1) 

 

Since the fourth equation of system (1) is decoupled (it does not affect the dynamics of the first three equations), we can 

simplify system (1) to the following subsystem: 

( )S t ( )I t

( )C t ( )R t



1

2



[0,1]

[0,1]q
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{
 
 

 
 

𝑑𝑆(𝑡)

𝑑𝑡
= 𝜇 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛼𝛽𝑆(𝑡)𝐶(𝑡) − 𝜇𝑆(𝑡),

𝑑𝐼(𝑡)

𝑑𝑡
= 𝛽𝑆(𝑡)𝐼(𝑡) + 𝛼𝛽𝑆(𝑡)𝐶(𝑡) − 𝛾1𝐼(𝑡) − 𝜇𝐼(𝑡),

𝑑𝐶(𝑡)

𝑑𝑡
= 𝑞𝛾1𝐼(𝑡) − 𝛾2𝐶(𝑡) − 𝜇𝐶(𝑡),

                                                                  (2) 

The initial condition of system (2) is (S(0), I(0), C(0)) ∈ 𝑅+ 
3 . 

According to the theory in [7], system (2) has the following properties: 

Г = {(𝑆(𝑡), 𝐼(𝑡), 𝐶(𝑡)) ∈ 𝑅+ 
3 : 𝑆(𝑡),+𝐼(𝑡) + 𝐶(𝑡) ≤ 1} is positively invariant for (2).  

The disease free equilibrium , which always exists, is globally asymptotically stable if 

𝑅0 =
𝛽

𝛾1+𝜇
+

𝑞𝛾1

𝛾1+𝜇
 
𝛼𝛽

𝛾2+𝜇
≤ 1. 

 

When R0>1, system (2) has a unique positive equilibrium  and it is globally asymptotically stable. However, in the 

real world, it is inevitable for the biological-mathematic models to be affected by environmental noise [19-23].  Hence, in 

order to make a more accurate predict for the dynamics nature of the epidemics system, it is more reliable for us to use 

stochastic differential equations models. Owing to this reason, many authors choose to add stochastic perturbations into 

the deterministic models for the sake of better account for the influences of the environmental fluctuations. For instance, 

Zhang, Jiang, Hayat and Ahmad study the dynamical behavior of stochastic SVIR models in the literature [19]. Wang, 

Jiang, Alsaedi, Hayat investigate a stochastic HIV viral model with both logistic target cell growth and nonlinear immune 

response function and derive the conditions of the extinction of the disease. In addition, they also prove the existence of 

the ergodic stationary distribution [24]. With respect to the rest of literatures, one can also refer to [25-32]. 

Inspired by the aforementioned research work, this paper introduces stochastic perturbations into Model (2). Considering 

the uncertainty of environmental factors such as temperature, humidity, and precipitation in the field, white noise is used 

to simulate such environmental perturbations, and these stochastic perturbations are proportional to the variables in 

System (2). Thus, the stochastic version corresponding to System (2) has the following form: 

{

𝑑𝑆(𝑡) = [𝜇 − 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛼𝛽𝑆(𝑡)𝐶(𝑡) − 𝜇𝑆(𝑡)]𝑑𝑡 + 𝜎1𝑆(𝑡)𝑑𝐵1(𝑡),

𝑑𝐼(𝑡) = [𝛽𝑆(𝑡)𝐼(𝑡) + 𝛼𝛽𝑆(𝑡)𝐶(𝑡) − 𝛾1𝐼(𝑡) − 𝜇𝐼(𝑡)]𝑑𝑡 + 𝜎2𝐼(𝑡)𝑑𝐵2(𝑡),

𝑑𝐶(𝑡) = [𝑞𝛾1𝐼(𝑡) − 𝛾2𝐶(𝑡) − 𝜇𝐶(𝑡)]𝑑𝑡 + 𝜎3𝐶(𝑡)𝑑𝐵3(𝑡),

                                   (3) 

 
Where Bi(t), i=1,2,3, are the white noises, representing the impact of temperature, humidity, and precipitation 

fluctuations on the fungal transmission rate. For example, late blight spreads extremely rapidly when humidity exceeds 

90%, and such environmental fluctuations are reflected as random terms in the model. In other word, B=(B1(t), B2(t), 

B3(t), t0) is mutually independent standard Brownian motions defined on a complete probability space (, F, P) with a 

filtration {Ft}t0 satisfying the general conditions (i.e., it is increasing and right continuous while F0 contains all P-null 

sets ), 1, 2, 3 stands for the intensities of the white noise and  i>0 (i=1,2,3). All the other parameters have the same 

meaning as that of the system (2). 

 

2.2 Existence and uniqueness of the global positive solution 
This section deduces that for any initial value, the solution of System (3) is globally existent and always positive. As we 

all know, to prove that a stochastic differential equation has a unique global solution (i.e., no explosion in finite time) for 

any initial value, it is usually required that the coefficients of the system satisfy the linear growth condition and the local 

Lipschitz condition [33]. However, though the coefficients of system (3) are locally Lipschitz continuous, they do not 

satisfy the linear growth condition, hence the solution of system (3) may explode at a finite time. In the following, we 

will prove that there is a unique global positive solution of system (3) for any initial value. 

Theorem 1. For any initial value (S(0), I(0), C(0)) ∈ 𝑅+ 
3 ,there is a unique positive solution (S(0), I(0), C(0)) on t0  for 

system (3), further, the solution will remain in 𝑅+ 
3  with probability one, in brief, (S(0), I(0), C(0)) ∈ 𝑅+ 

3 for all t0   

almost surely (a.s). 

Proof. Since the coefficients of system (3) satisfy locally Lipschitz condition, so system (3) for any initial value exists a 

unique local solution (S(0), I(0), C(0)) on t[0, в), where  в is the explosion time [34]. Next for the sake of illustrating 

this solution is global, it is significant for us to verify that в =     a.s. At this time, let k01 be enough large such that 

(S(0), I(0), C(0)) all lie within the interval [
1

𝑘0
, 𝑘0]. For each integer kk0, define the stopping time 

0 0 0 0( , , ) (1,0,0)E S I C= =

*E
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𝜏𝑘 = inf {𝑡 ∈ [0, 𝜏𝑒): 𝑆(𝑡) ∉ (
1

𝑘
, 𝑘) or  𝐼(𝑡) ∉ (

1

𝑘
, 𝑘) or 𝐶(𝑡) ∉ (

1

𝑘
, 𝑘), 

where throughout this paper, we set inf ∅ = ∞  (as usual ∅ is the empty set).   Clearly k  is increasing when k→. Let  

= lim
𝑘→∞

𝜏𝑘, whence  e  a.s. If we can show  =, then =,  and (S(0), I(0), C(0)) ∈ 𝑅+ 
3  a.s. for all t0. That shows 

that we are requested to illustrate that  =,   a.s. in order to finish the proof. If this assertion is not true, then there is a 

pair of constants T>0 and (0,1) such that P{ T}>. 

Hence there is an integer kk1  such that for all kk1   

P{k T}>..                                                                                                                                       (4) 

Define a C2— function V: 𝑅+ 
3 → R+ by   

𝑉(𝑆, 𝐼, 𝐶) = (𝑆 − 𝑏 − 𝑏 ln
𝑆

𝑏
) + (𝐼 − 1 − 𝑙𝑛𝐼) + 𝑓𝐶. 

Where b, f are positive constants to be determined later. The non negativity of this function can be attained from u-1-

lnu0 for any u>0.  Using It 𝑜̂  formula to V, we get: 

𝑑𝑉 = (1 −
𝑏

𝑆
)𝑑𝑆 + (1 −

1

𝐼
)𝑑𝐼 + 𝑓𝑑𝐶 +

1

2

𝑏

𝑆2
)(𝑑𝑆)2 +

1

2

1

𝐼2
(𝑑𝑆)2(𝑑𝐼)2  = (1 −

𝑏

𝑆
) [(𝜇 − 𝛽𝑆𝐼 − 𝛼𝛽𝑆𝐶 − 𝜇𝑆)𝑑𝑡 +

𝜎1𝑆𝑑𝐵1(𝑡)] +
1

2
𝑏𝜎1

2𝑑𝑡 + (1 −
1

𝐼
) [(𝛽𝑆𝐼 + 𝛼𝛽𝑆𝐶 − 𝛾1𝐼 − 𝜇𝐼)𝑑𝑡 + 𝜎2𝐼𝑑𝐵2(𝑡)] +

1

2
𝜎2
2𝑑𝑡 + 𝑓[(𝑞𝛾1𝐼 − 𝛾2𝐶 − 𝜇𝐶)𝑑𝑡 +

𝜎3𝐶𝑑𝐵3(𝑡)] = 𝐿𝑉𝑑𝑡 + 𝜎1(𝑆 − 𝑏)𝑑𝐵1(𝑡) + 𝜎2(𝐼 − 1)𝑑𝐵2(𝑡) + 𝑓𝜎3𝐶𝑑𝐵3.                                                       (5)                                           

where LV is defined by 
 

 

We choose  and  such that  and 

, then we can attain 

     

.                                                                                       (6) 

In which  is a positive constant. So we have: 

                                                                 (7) 

Integrating of (7) from 0 to  and then taking the expectation on both sides, further according to Theorem 1.5.8 

(ii) [36. 37], we can obtain: 

 

Therefore, 

.                                     (8) 

2

1

2

1 2 1 2

2 2

1 1 2

1 1 2

2 2

1 1 2 1 1 2

1 1
(1 )( ) (1 )(

2

1
) ( )

2

1 1
( 2) ( )

2 2

( ) ( )

1 1
( 2) ( ) ( ) .

2 2

b
LV SI SC S b SI

S I

SC I I f q I C C

b SC
b S b

S I

b fq I b f f C

b b b fq I b f f C

= −  − − − +  + − 

+ −  − +  +  −  −

 
= +  −  + − − +  +  + 

+ +  −  − + −  − 

 +  +  +  +  + +  −  − + −  − 

1 2

2 1

( )( )

( )
b

q

 +  +
=
  ++ 

1

2 1

( )
f

q

  +
=
 ++ 

1 1( ) 0b fq I+  −  − =

2( ) 0b f f C−  −  =

2 2

1 1 2

1 1
( 2) :

2 2
LV b b K + +  +  +  =

K

1 1 2 2 3 3( ) ( ) ( 1) ( ) ( )dV Kdt S b dB t I dB t f CdB t + − + − + 

K T 

( ( ), ( ), ( )) ( (0), (0), (0)) ( ).k k k kEV S T I T C T V S I C KE T       +  

( ( ), ( ), ( )) ( (0), (0), (0))k k kEV S T I T C T V S I C KT       +
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Set  for  and by means of (4), we can obtain .  Notice that for every , there 

exists that  or  or  

equals either  or . Therefore,  is no less than either  or 

. 

Consequently, we have 

. 

According to (8), we can attain: 

 

where  stands for the indicator function of . Letting , then 

 

which lead to the contradiction. Thus, the proof is completed. 

 

3. EXISTENCE OF ERGODIC STATIONARY DISTRIBUTION OF SYSTEM (3) 
In the dynamic analysis of potato plants, we pay great attention to when Alternaria solani (early blight) and Phytophthora 

infestans (late blight) will break out and persistently prevail in farmland. The method of solving this problem for 

deterministic model is by means of the endemic equilibrium of the corresponding model, to be specific, we can prove that 

the endemic equilibrium of the system is globally asymptotically stable or is a global attractor. However, for the 

stochastic system (3), it does not have the endemic equilibrium. So in this section, we will derive the conditions of the 

existence of ergodic stationary distribution of system (3) according to the theory of Has’minskii [38]. In the following, 

we introduce some theories about stationary distributions, which is essential in the process of our proof [39-41]. 
 

Assuming that  is a regular time-homogeneous Markov process in the d —dimensional space , and satisfy the 

following stochastic equation 

. 

At this time, the diffusion matrix has the following form 

 

Lemma 1. (see [42, 43]) For Markov process , there is a unique ergodic stationary distribution  if it exists a 

bounded domain  with regular boundary  and 

(H1) there exists a constant  satisfying  

. 

(H2) there is a  function  such that  is negative for any given . Then 

 

for all , where  is an integrable function about the measure . 

{ }k k T =   1k k ( )kP    k

( , )kS   ( , )kI   ( , )kC  

k
1

k
( ( , ), ( , , ( )  ) , )k k kV S I C      1 lnk k− −

1
1 ln k

k
− +

1
( ( , ), ( , ), ( , )) ( 1 ln ) ( 1 ln )  : ( )k k kV S I C k k k H k

k
       − −  − + =

( (0), (0), (0)) ( ( ) ( ( ), ( ), ( ))

( ( )) ( )

( ),

K k k k

k

V S I C KT E I V S T I T C T

P H k

H k

+        

  



K
I K k →

( (0), (0), (0)) ( ) ,V S I C KT H k  +   →

( )X t
dE

1

( ) ( ) ( ) ( )
k

r r

r

dX t b X dt g X dB t
=

= +

1

( ) ( ( )), ( ) ( ) ( )
k

i j

ij ij r r

r

A X a x a x g x g x
=

= =

( )X t ( ) 

dD E 

0M 

2

, 1 ( ) , ,d d

i j ij i ja x M x D R=      
2C − 0V  LV \dE D

0

1
{limsup ( ( )) ( ) ( )} 1,

d

T

ET

P f X t dt f x dx
T→

=  = 

dx E ( )f  
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Theorem 2. Assume that 

， 

then system (3) has a unique stationary distribution  and the ergodicity holds. 

Proof. In order to prove Theorem 2, we need to verify the conditions of Lemma 1. First, we will verify that the condition 

(H2) in Lemma 1 is valid. 

Define 

, 

, 

, 

where  are positive constants to be determined later.  satisfy 

. 

Applying the It  formula, we can attain 

 

Let 

. 

Then we have 

            (9)   

1
0

2 2 2 2 2

1 1 2 1 1 2 2 3

: 1
1 1 1 1 1

( )( ) ( )( )( )
2 2 2 2 2

S q
R

  
= + 

 +   + +   +   + +   + + 

( ) 

1 1
1 1 1 2

2

( )
ln ( ) ln ln

a b
V I a b S b C C

 +
= − − + − +

 +

2

2

ln lnV S C C


= − − +
 +

1

3

1
( )

1
V S I C += + +

+

1 1 2, ,a b b (0,1)

2 2 2

1 2 3( ) 0
2


−    
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Where  

. 

Also, we have 

            .                                     (10) 
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Let  is a positive constant and satisfy 

                                                                                                                                                                     (12) 
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It is easy for us to see that  for any given   by means of (13).  

Case 2. If ,then we get that 
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                                                            (25) 

Where 
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Next, the diffusion matrix of system (3) is 

 

Let , then we can have 

 

Hence the condition (H1) in Lemma 1 is verified successfully. 

As a result, according to Lemma 1, we get that there exists a unique ergodic stationary distribution. The proof is finished. 

4. THE EXTINCTION AND PERSISTENCE OF SYSTEM (3) 
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By solving equation (32), we can get 

                                  (33) 

Where 

 

It is apparent that  is a continuous local martingale having the property of .   
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4.1 Disease Extinction 

In this subsection, we derive in detail the condition for the extinction of the disease. 

Theorem 3. Assume that  is the solution of the system (3) having the initial value 

. If 

, 

then 

 

as well as 

. a.s. 

Proof. Let , applying the It  formula to , then we have 

 

 

In addition, according to the system (3), we can get 

 

                                          (35) 
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Therefore, from the inequation, we have the conclusion that 

. a.s.                                                                                        (36) 
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then 

a.s. 

Where 

 

In other words, the disease will prevail if . 
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5. CONCLUSIONS AND FUTURE PROSPECTS 
Aiming at the transmission characteristics of potato early and late blight, this paper constructs a stochastic SICR 

transmission model incorporating environmental noise and systematically analyzes the dynamical behaviors of the 

model. The results show that: the model admits a unique global positive solution, which ensures the biological rationality 

of the model; when 
0 1SR  , the model has an ergodic stationary distribution and the disease will persistently prevail; 

when , the disease will eventually die out. This study provides a theoretical basis for the epidemic prediction and 

prevention and control of potato early and late blight. 

This study still has several limitations, and future research can be further carried out from the following aspects: 

Introduce the time-delay effect to explore the impacts of pathogen incubation period and disease detection delay on 

transmission dynamics; 

Construct a stochastic model with periodic coefficients to match the seasonal fluctuation characteristics of environmental 

factors such as temperature and humidity; 

Incorporate practical prevention and control measures (e.g., chemical control, cultivation of disease-resistant varieties, 

crop rotation, etc.) to establish a stochastic model with control strategies, so as to provide more direct theoretical support 

for formulating precise prevention and control schemes. 
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