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1. Introduction 
The capacity for heat transfer in standard heat transfer fluids (HTFs) as water and oil is limited. To address these 

limitations, a new category of HTFs called nanofluids was developed. Hybrid nanofluid (HNF) emerged from 

advancements in heat transfer technology, offering high efficiency in applications and lowering production costs. [38, 33, 

28, 9]. The performance and efficiency of the heat transfer can influence the boundary conditions and thermophysical 

properties of the working fluid, such as its density, viscosity, specific heat, and thermal conductivity. [42, 14, 7, 1, 30, 27, 

5]. 

 

Nanofluids are considered the future of heat transfer fluids, consisting of two-phase combinations such as solid-liquid, 

solid-gas, or solid-plasma [17, 3]. These are colloidal suspensions in which nanoparticles or nanoscale particles are 

dispersed in the base fluids, allowing them to conduct heat more effectively than the base fluids alone [39, 29, 31]. The 

concept of nanofluids was first proposed by Choi and Eastman in 1995 [11]. Owing to their distinctive properties, 

nanofluids are essential in various fields including microelectronics, pharmaceutical manufacturing, hybrid engines, 

household refrigerators, automotive industries, and mechanical engineering [34, 19, 13]. These particles are combined 

with a variety of common liquids including water, engine oil, alcohol, and glycerol. The particles consist of metallic 

materials, such as oxide particles, carbon nanotubes, graphene nanoflakes, carbides, nitrites, borides, carbon nanofibres, 

exfoliated graphite, nanodiamonds, nanocellulose, nanocrystals, and detonation nanodiamond-multiwalled carbon 

nanotubes (DND-CNT) [26, 25, 43]. In liquid environments, nanoparticles can interact with fluid particles, thereby 

enhancing their surface area and thermal efficiency. This interaction is crucial for applications in solar energy, 

biomedical treatment, and industrial processes [32, 44, 21]. 

 

By diluting compound nanopowders or various types of nanomolecules in a solution, a hybrid nanofluid containing 

multiple nanomaterials can be created [23]. These fluids are formulated by combining different nanoparticles within the 

Abstract 
A mathematical model was developed for a generalised copper/alumina-water hybrid nanofluid, which is affected 

by magnetic fields, suction, velocity slip, and variations in viscosity and thermal conductivity along a convectively 

heated stretched sheet. The governing equations were converted into nonlinear ordinary differential equations 

using a similarity transformation. By employing the BVPh function in MATHEMATICA, our results align with 
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same base fluid to enhance their thermophysical, optical, rheological, and morphological properties. Because of their 

numerous advantages over single nanofluids, such as a wider absorption range, decreased extinction, superior thermal 

conductivity, lower pressure drop, and minimised frictional losses and pumping, HNFs are anticipated to replace simple 

nanofluids [26, 8, 18]. With a higher heat transfer coefficient than that of standard nanofluids, HNFs have become a focal 

point for many researchers exploring new study areas [35, 12]. Hybrid nanofluids are used in engine systems, machine 

cutting, automotive cooling, photovoltaic thermal (PV/T) management, machine collectors, and thermal management of 

electronic components [20, 16, 45]. 

 

Researchers have explored the influence of changes in viscosity and thermal conductivity on fluids. Examples of these 

studies can be found in [4, 24]. Ali et al. (2017) [4] investigated a thin fluid layer with varying fluid properties across a 

stretching sheet, considering the effect of thermophoresis. The governing equations of the model were transformed into 

nonlinear coupled differential equations by using suitable similarity variables. These equations are then solved using the 

second approach of the Optimal Homotopy Asymptotic Method (OHAM-2). In addition, further research has been 

conducted [10, 48] on the effect of nanofluid parameters on the velocity and temperature fields. In their study, the 

residual error and results from the Homotopy Asymptotic Method (HAM) were quantitatively analysed. 

 

A study comparing magnetohydrodynamic (MHD) flow near a stagnation point in hybrid nanofluids and regular 

nanofluids has been carried out [36, 37, 6, 22]. The findings indicated that the hybrid nanofluids were more effective as 

heaters than the nanofluids when the magnetic parameter was increased. However, owing to the increasing Eckert 

number, stretching, and velocity slip parameters, hybrid nanofluids also outperformed nanofluids as coolers. 

Furthermore, three stability zones were identified after analysing the stability of the unique/dual solution. In their 2020 

research, Hayat et al., [15] explored the impact of thermal radiation on the three-dimensional flow of nanofluids through 

carbon nanotubes. Their study included both single-wall and multi-wall carbon nanotubes (SW/MW-CNTs), and they 

utilised Optimal Homotopy Analysis methods to develop solutions. 

 

A multitude of researchers have explored the concept of nanoscience and nanofluids, particularly in relation to traditional 

heat transfer challenges, aiming to improve the heat-transfer characteristics of various fluids [41]. Their work involved 

modelling factors such as thermal conductivity, variable viscosity, magnetic fields, and radioactive heat variations on flat, 

porous, and stretched surfaces. Usman et al. (2018) [40] studied the Cu − Al2O3/Water hybrid nanofluid on a permeable 

surface, taking into account both variable thermal conductivity and nonlinear radiation. Their study also focused on the 

time-dependent thermal conductivity. A systematic investigation of CO2-silica (hydrophilic or hydrophobic) nanofluids 

considered the effects of pressure, temperature, salinity, and nanoparticle concentration [2] to assess the impact of 

nanofluid flooding on CO2 geo-storage. Historically, many researchers examining hybrid nanofluids have not considered 

the effects of magnetism, suction, velocity slip, viscosity, and thermal conductivity simultaneously. In addition, they 

modelled the viscosity and thermal conductivity as temperature dependent. Consequently, this study aimed to expand the 

research field by exploring the influence of magnetic fields, suction, velocity slip, temperature-dependent viscosity, and 

thermal conductivity. Thus, a novel mathematical model for hybrid nanofluids is introduced. This work also seeks to 

address a gap in the literature by incorporating additional factors, such as heat generation, especially in the context of 

stagnation-point hybrid nanofluid flow. To address this issue, the BVPh2.0 method from the MATHEMATICA package 

was employed. A comparative analysis showed a strong correlation between the current findings and previous studies, 

thus forming the second objective of the study. The results are presented in figures and tables. Overall, given the 

importance of stagnant flows in numerous industrial applications, it is believed that a comprehensive analysis of these 

flows should be enhanced alongside the application of mathematical expertise. These findings are expected to assist other 

researchers and experts in expanding their understanding of heat transfer. 

 

2. Model Formulation 
We examine the problem of a two-dimensional, unsteady, laminar, and incompressible boundary layer involving hybrid 

nanofluid stagnation point flow over a mixed convective heated sheet that can stretch or shrink. This sheet moves with 

variations in viscosity and thermal conductivity, influenced by magnetic fields, suction, and velocity slip conditions, as 

shown in Figure 1. The Cartesian coordinate system (x, y) is assumed such that the x-axis runs along the surface, whereas 

the y-axis is perpendicular to it. The velocity components u and v along the x-and y-axes, respectively, depend on both x 

and y. At the initial moment, t = 0, the reference 
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                                                                Figure 1: The model diagram 

temperature is denoted by T0, whereas the ambient temperature T∞ is also referred to as the baseline or environmental air 

temperature at the base of the sheet, which is heated by convective heat, ensuring 0 ≤ T0 ≤ T∞. The temperatures at the 

base of the sheet, which vary with time and space owing to convective heating, are described by [46]: 

, where a > 0 denotes the intensity of the stagnant flow, ν is the velocity 

component along the y-axis, and c represents the unsteadiness factor, which indicates a temporal issue. The velocity for 

stretching or shrinking, uw(x,t), is expressed by [46] as , where b denotes the constant for the stretchable 

(b > 0) and shrinkable (b < 0) scenarios, and c signifies the time-related issue. The velocity of the force stream ue(x,t) is 

defined by [47] as . The dynamic viscosity of the hybrid nanofluid, which depends on temperature, was 

modified as follows: 

µhnf(T) = µhnf(1 − Λθ(η)).                                                (1) 

In this context, µhnf represents the viscosity of the hybrid nanofluid at the initial or ambient temperature T0, Λ denotes the 

parameter for variable viscosity, and θ is the temperature expressed in a dimensionless form. 

The thermal conductivity of the hybrid nanofluid, which varies with time, is described by: 

Khnf(T) = Khnf(1 + ϵθ(η)).                                               (2) 

In this scenario, ϵ signifies the variable thermal conductivity parameter, θ is defined as previously mentioned, and Khnf 

represents the thermal conductivity of the hybrid nanofluids. At the starting point t = 0, both the surface temperature 

Tw(x,t) and the temperature of the hybrid nanofluid T are assumed to match the ambient temperature T∞, which is the 

temperature of the surrounding fluid or the free stream. Furthermore, it is assumed that the hybrid nanofluid flows under 

the influence of the applied magnetic and electric fields, characterised by their respective magnetic, electric, and heat-

generating properties B0(t), E0(t), and Q0(t). The governing equations for this analysis, which include the continuity, 

momentum, and energy equations for the hybrid nanofluid, are outlined below, considering the previously mentioned 

assumptions and conditions. 

= 0, (3) 

 

Free stream 

=  speed of force stream 

Flow streamlines 

Heated sheet 
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Subjected to the following boundary conditions: 

 

= 0; 

(6) 

and v = 0, T = Tw, for y → ∞; u → ue(x,t), T → T∞, 

 

The variables u and v denote the velocity components in the x- and y-directions, respectively. Term ue represents the 

speed of the force stream. The density of the hybrid nanofluid is denoted by ρhnf and its electrical conductivity is denoted 

by σhnf. The temperature of the hybrid nanofluid is denoted by T, where T∞ represents the ambient temperature. The heat 

capacity of the hybrid nanofluid was expressed as (ρCphnf). The expressions µhnf(T) and Khnf(T) refer to the dynamic 

viscosity and thermal conductivity, respectively, both of which vary with temperature. Parameters B0(t), E0(x,t), and Q0(t) 

are associated with the magnetic field, electric field, and heat generation characteristics, respectively, where t represents 

the time variable. By applying the following similarity variables, 

 (7) 

where Ψ = Ψ(x,t) is the physical stream function satisfying and we obtain the simplified boundary value problem 

equations (11-13): 

 

 

Subjected to the boundary conditions 

, 

 f′(η) → 1, θ(η) → 0, as η → ∞, (10) 

where the non-dimensional variables and ratios are given respectively as: 

, 

(11) 

, and , 

, 

(12)  

and 

In this case, the stretching/shrinking parameter is denoted by α; the unsteadiness parameter is measured by β; the 

kinematic viscosity is denoted by ν; the velocity slip parameter is denoted by γ; the electric, magnetic, and heat 
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generation parameters are denoted by E, M, and Q, respectively; the Eckert and Prandtl numbers are denoted by Ec and 

Pr; and the magnetic and electric fields and heat generation characteristics are denoted by B0, E0, and Q0. ... 
 

3. Formulation of the Initial Guesses 
The initial approximations f0(η) and θ0(η) are derived by taking into account the boundary conditions specified in 

equation (22) and are selected as follows: 

 

θ0(η) = b0 + b1e−η.                                                             (13) 

The above gives respectively 

         f0(η) = η + c0 + c1e
−η, 

                                                                                           

 

                                                                                                        (14) 

 

 
0.1 The physical properties of the hybrid nanofluid 
The thermophysical properties of the hybrid nanofluid alumina-copper/water are presented in Table 1-2. 

 

Table 1: The thermophysical properties of hybrid nanofluid: copper-alumina/water 

Properties k(W/mK) ρ(kg/m3) Cp(J/kgK) β×10−5(mK) 

Cu 400 8933 385 1.67 

Al2O3 40 3970 765 0.85 

H2O 0.613 997.1 4170 21 

 

0.2 The Skin Friction Coefficient (Cf) and the Local Nusselt Number (Nux) 
Two significant quantities that have drawn attention in technology and engineering are the skin friction coefficient (Cf) 

and local Nusselt number (Nux). By definition, 

 

                                                  (15) 

 

Table 2: Correlations of the thermophysical properties 
 

 Properties Hybrid nanofluid 

 Density ρhnf = ϕs1ρ1 + ϕs2ρs2 + (1 − ϕhnf)ρf 

Thermal capacity ( 

 Dynamic viscosity 

 Thermal conductivity 

 Electric conductivity 

 Thermal expansion 

( 

 

 where x represents the horizontal direction (x-axis), τw is the shear stress along the x-direction, and qw denotes the surface 

heat flux. 

The shear stress (τw) and surface heat flux (qw) are defined as 

 and 
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(16) 

. 

By inserting equations (4), (5), (10), and (11) into equation (24) and then incorporating these into equation (23), we 

derive the following formulas for the Skin Friction Coefficient (Cf) and Local Nusselt Number (Nux), respectively:  

 (17) 

   

  (18)       

 

where  is the local Reynolds number in the x-direction. 
 

4. INTERPRETATION OF RESULT 
Simplified coupled differential equations (11) and (12), along with boundary conditions (13), constitute a complex 

nonlinear boundary value problem. To address these nonlinear systems of third-order coupled boundary value problems, 

the Optimal Homotopy Asymptotic Method (OHAM) was utilised. Zhao’s Mathematica package (Zhao, et al., 2014) 

provides numerical solutions for these nonlinear differential equations that closely align with both exact solutions and 

other numerical solutions. Notably, this approach eliminates the need for discretisation, linearisation, or small 

perturbations, thereby reducing the computational time and effort. The solutions are presented and compared to the 

existing results when α = β = γ = E = M = Ec = Q = E0 = Q0 = 0, Bi = 0.1, ϵ = Λ = 0.5, and Pr = 6.2. The results are 

consistent with the existing findings using other numerical methods, as shown in Table 3. 
 

0.3 Interpretation of result 
In this section, we present the results and discuss how variations in the parameters of the controlling hybrid nanofluid 

influence the velocity and temperature profiles as well as the skin function, Nusselt number, and Reynolds number. 

These findings are illustrated in the graphs below. Figure 2 depicts the velocity profile f′(η) and temperature profile θ(η) 

under the conditions α = β 

= γ = E = M = Ec = Q = E0 = Q0 = 0, Bi = 0.1, ϵ = Λ = 0.5, and Pr = 6.2. 
 

Table 3: Velocity and temperature components at convergence-control parameters c1 = −1.76377, c2 = −0.524517 

λ Present work (f′′(η)) Zainal et al., 2021 Bachok et al., 2010. θ′(η) Error (f) Error (θ) 

0.0 1.232249 1.23259 1.23259 -0.094923 3.77454 × 10−6 2.61958 × 10−6 

0.1 1.146682 1.14656 1.14656 -0.095539 4.46123 × 10−6 2.90939 × 10−6 

0.2 1.051411 1.05113 1.05113 -0.095989 4.04950 × 10−6 3.40386 × 10−6 

0.5 0.713504 0.71329 0.71329 -0.096835 1.48826 × 10−6 4.62406 × 10−6 

2.0 -1.888444 -1.88731 -1.88731 -0.098128 1.82440 × 10−5 1.24181 × 10−4 

 

 
Figure 2: Solution curves for velocity and temperature profiles 

 

Figure 2 illustrates a function for the velocity profile that increases positively, and a function for the temperature profile 

that decreases positively with respect to the independent variable η. It should also be noted that the velocity profile 
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increases when the flow is near the boundary, whereas the temperature profile decreases when it is very close to the 

boundary. Figure 3 shows 

       

       (a) Velocity profile for variants stretching parameter (b) Temperature profile for variants stretching parameter 

 

Figure 3: Solution profile for variants stretching parameter 

the effect of the stretching parameter α on both the velocity profile f′(η) and temperature profile θ(η). It is evident that the 

velocity profile increases when the stretching parameter α is less than or equal to one, but it decreases when α is greater 

than one. By contrast, as α increases, the temperature profile declines, and it increases when α decreases. Figures 4. (a-b) 

illustrates how the hybrid nanofluid volume ratio phi affects the skin friction coefficient Rex
1/2Cf and the heat transfer rate 

Rex
−1/2Nux. It is clear that when the volume ratio phi2 is increased while keeping ( phi1 = 0.02) constant, the skin friction 

coefficient increases, leading to a reduction in the heat 

         

(a) Variation of Rex
1/2Cf for different val- (b) Variation of Rex

−1/2Nux for different ues of volume fraction ϕ2 values of 

volume fraction ϕ2 

Figure 4: Variation of Rex
1/2Cf and Rex

−1/2Nux for different values of volume fraction ϕ2 transfer rate. 

 

(a) Variation of Rex
1/2Cf with different values of β (b) Variation of Rex

−1/2Nux with different values of β 
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(c) Variation of velocity profile with different 

values of β 
(d) Variation of temperature profile with different 

values of β 

 

Figure 5: Variation of parameters with different values of β 

β leads to a substantial increase in both the skin friction coefficient Rex
1/2Cf and the heat transfer rate Rex

−1/2Nux, whereas 

it causes a slight increase in the velocity profile f′(η). As illustrated in Figure 5d, the temperature profile θ(η) tended to 

decrease with an increase in the unsteadiness parameter. Figures 6 shows the velocity distribution f′(η) and temperature 

θ(η) as well as the skin friction coefficient Rex
1/2Cf and heat transfer rate Rex

−1/2Nux. In Figures 6 (a-b), it is evident that an 

increase in ϵ results in a decline in both the skin friction coefficient Rex
1/2Cf and heat transfer rate Rex

−1/2Nux. However, 

Figures 6 (c-d) show a contrasting trend in the velocity profile f′(η) and temperature profile θ(η), respectively. The 

influence of the variable viscosity parameter Λ on the skin friction coefficient Rex
1/2Cf, heat transfer rate Rex

−1/2Nux, 

velocity f′(η), and temperature θ(η) profiles is illustrated in Figures 7 (a-d). This parameter results in an increase in the 

values of the skin friction coefficient Rex
1/2Cf, heat transfer rate Rex

−1/2Nux, velocity profile f′(η) and temperature profile 

θ(η). Figure 8 (a-d) 

            

    (a) Variation of Rex
1/2Cf with different values of ϵ  (b) Variation of Rex

−1/2Nux with different 

values of ϵ 

                

(c) Variation of velocity profile with different 

values of ϵ 
(d) Variation of temperature profile with 

different values of ϵ 

Figure 6: Variation of parameters with different values of variable thermal conductivity coefficient ϵ illustrate the 

influence of the magnetic parameter M on the skin friction coefficient Rex
1/2Cf, heat transfer rate Rex

−1/2Nux, velocity 

profile f′(η), and temperature profile θ(η). An increase in the magnetic parameter M results in a reduction in the skin 

friction coefficient Rex
1/2Cf, heat transfer rate Rex

−1/2Nux, and velocity profile f′(η), which leads to an increase in the 

temperature profile θ(η). 
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Conclusions 

In this study, a generalised stagnation-point hybrid nanofluid with varying fluid properties was examined. The nonlinear 

coupled partial differential equations representing the momentum and energy equations were transformed into a system 

of coupled nonlinear ordinary differential equations using similarity variables. The transformed system of equations is 

solved using the Optimal Homotopy Asymptotic Method (OHAM) within the Mathematica package. The following 

findings are reported: the skin friction coefficient Rex
1/2Cf and heat transfer rate Rex

−1/2Nux increase with an increase in the 

variable viscosity parameter (Λ), unsteadiness parameter (β), and nanoparticle volume fraction (ϕ2), whereas they 

decrease with an increase in the variable thermal conductivity parameter (ϵ) and magnetic parameter (M). The velocity 

profile f′(η) increases with an increase in the variable viscosity parameter (Λ), variable thermal conductivity parameter 

(ϵ), and unsteadiness parameter (β) and decreases with an increase in the volume fraction (ϕ2) for the stretching parameter 

(α). The temperature profile θ(η) increases with an increase in the variable viscosity parameter (Λ) and variable thermal 

conductivity parameter (ϵ) and decreases with an increase in the unsteadiness parameter (β) and volume fraction (ϕ2) 

(when the stretching parameter α > 0). The impacts of the model parameters were thoroughly analysed. Our findings 

indicate that the flow and heat transfer rates of the hybrid nanofluid are enhanced by the fluid viscosity, volume fraction 

of the nanofluid, and variable thermal conductivity. Additionally, the temperature of the hybrid nanofluid was 

significantly influenced by fluid viscosity and thermal conductivity. However, the nanofluid volume fraction and 

magnetic. 

          
 

   (a) Variation of Rex
1/2Cf with different values of Λ (b) Variation of Rex

−1/2Nux with different 

values of Λ 

          

 

(c) Variation of velocity profile with different 

values of Λ 
(d) Variation of temperature profile with 

different values of Λ 

Figure 7: Variation of parameters with different values of variable viscosity parameter Λ 
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(c) Variation of velocity profile with different 

values of M 
(d) Variation of temperature profile with 

different values of Λ 
 

Figure 8: Variation of parameters with different values of variable viscosity parameter M parameters inhibited the 

temperature profile. The values of these parameters can be adjusted to achieve the desired outcomes. The results of this 

study are applicable to industries such as solar collectors, photovoltaic thermal systems, extrusion processes, polymers, 

aircraft counter jets, solar extractors, and machined coolants, which can enhance the thermal transmission coefficient of 

traditional nanoliquids. 
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